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Abstract: Although the emphases on the importance of proving in mathematics education literature, many studies show that 
undergraduates have difficulty in this regard. Having researchers discussed these difficulties in detail; many frameworks have 
been presented evaluating the proof from different perspectives. Being one of them the proof image, which takes into account 
both cognitive and affective factors in proving, was presented by Kidron and Dreyfus (2014) in the context of the theoretical 
framework of “abstraction in context”. However, since the authors have not deepened the relationship between the proof 
image and formal knowledge, this article was intended to fill this gap. In this study, which is part of a larger doctoral thesis, 
descriptive method one of the qualitative methods was used. The participants of the study were three pre-service teachers 
selected via criterion sampling method among sophomore elementary school mathematics teacher candidates. In parallel with 
a course relating to Cantorian Set Theory, task-based individual interviews (Task I-II-III-IV) were conducted in the context 
of the equivalence of infinite sets. The subject of "infinity" had been chosen as the context of the study since it contains a 
process that goes from intuitive to formal. In the first task (Task I), the actions that the participants had performed without 
enough pre-knowledge was examined in terms of the proof image. In the second task (Task II) carried out after a course, in 
which basic knowledge was presented, the same question was asked to the participants again. Thus, the processes formed 
with the presence of formal knowledge were analysed. As a result of the descriptive analysis executed on the data of both 
tasks, it was determined that C, who was one of the participants, reached a proof image in the second task although she failed 
in the first task. Therefore, in this study, findings of her proving activity were shared. Consequently, formal knowledge has 
been identified to be directly related to each of the components of the proof image and, its main contributions have been 
listed as headings. 
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Oz: Matematik egitimi caligmalarinda ispatlamanin 6nemine siklikla vurgu yapilmasina ramen arastirmalar tiniversite 
éSrencilerinin bu konuda giicliik cektiZini géstermektedir. [spat stirecinde yasanan bu giic¢liiklerin arastirmacilar tarafindan 
ayrintili olarak ele alinmasi sayesinde ispati farkli perspektiflerden degerlendiren birgok gértis sunulmustur. Bunlardan biri 
olan ve ispat stirecinde hem bilissel hem duyussal faktérleri dikkate alan ispat imaji, Kidron ve Dreyfus (2014) tarafindan 
“baglamda soyutlama” teorik cergevesi baglaminda sunulmustur. Ancak, ispat imaji ile formal bilgi arasindaki baglanti 
yazarlar tarafindan derinlestirilmediginden, bu makalede bu boslugun doldurulmasi amaclanmistir. Daha genis bir doktora tez 
calismasinin parcasi olan bu calisma, betimsel tiirde nitel bir arastirmadir. Caligmanin katilimcilar ilk6gretim matematik 
6Sretmenligi ikinci simif 6Srencileri arasindan 6l¢tit 6rmekleme y6ntemi ile secilen tig 6Sretmen adayidir. Bu katilimcilarm, 
Cantor Kiime Teorisi baglaminda aldiklan bir derse paralel olarak sonsuz ktimelerin denkligine dair etkinlik temelli bireysel 
miilakatlar (Uygulama I-II-II-IV) gerceklestirilmistir. Sonsuzluk konusu, ispat imajinin dogasina uygun olarak sezgiselden 
formele giden bir cerceveyi barindirdigindan calismanin baglamm olarak tercih edilmistir. [lk calismada (Uygulama I) 
katilimcilarin yeterli 6n bilgiye sahip olmadiklari durumda ger¢eklestirecekleri eylemlerin ispat imaji agisindan incelenmesi 
saglanmistir. Temel bilgilerin sunuldugu bir dersin ardindan ger¢eklestirilen ikinci galismada (Uygulama ID) katilimcilara 
ayn soru tekrar yoneltilmis ve béylece onlarin formal bilgiye sahipken olusturduklari siireglerin incelenmesi saglanmistir. 
Her iki uygulamanin verileri tizerinde yapilan betimsel analizler sonucunda katilimcilardan ©’nin ilk uygulamada bir ispat 
imajina sahip olmamasina ragmen ikinci uygulamada sahip oldugu belirlenmistir. Bu nedenle bu caligsmada onun ispat 
stireclerine dair bulgular paylasilmistir. Sonug olarak formal bilginin, ispat imajinin olusumuna olanak veren bilesenlerin her 
biri ile dogrudan baglantili oldugu belirlenmis ve temel katkilar basliklar halinde siralanmistir. 


Anahtar Kelimeler: ispat imaji, sonsuzluk, Cantor kiime teorisi, ispat, matematik egitimi 


Tiirkce stirtim igin tiklayiniz 


1. Introduction 


Individuals who involved in the learning process often need to reveal the correctness or incorrectness of a 
proposition they encounter. This issue related to the justification of knowledge can be associated with the proof 
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dimension of mathematical thinking. Proof is one of the key components of mathematics (Thompson, Senk & 
Jhonson, 2009) and is a time-consuming subject in mathematics teaching. Because, thanks to the proofs, it is 
possible to reorganize the mathematical knowledge (Herbst, 2002). In addition to this, it can be said that various 
opinions concerning the concept of proof have emerged in the mathematics education literature, and different 
definitions, which highlight different dimensions of the proof, were presented. In the most general sense, the 
path followed by the generalization of mathematical knowledge can be called "proof" (Altun, 2005). Besides, 
Stylianides (2007) emphasizing the “explanation” function of the proof, defines this process as a series of 
interrelated arguments put forward to verify or falsify a claim. On the other hand, Harel and Sowder (1998) 
stated that this process was carried out on the purpose of annihilating doubts about the “accuracy” of the 
observations. Moreover, as stated by Tall (1998), the main function of mathematical proof is to show that claims 
reach a conclusion thanks to the logical steps. Thanks to this skill, which can be evaluated as the essence of 
mathematical activity, not only the new mathematical knowledge can be discovered, but also the other existing 
mathematical knowledge can be developed. Therefore, for Almeida (2000), proof is a basic activity that ensures 
the guarantee of mathematical knowledge. Besides, the fact that proof is a tool for learning mathematics (Knuth, 
2002) can be seen as an important reason why this skill is frequently emphasized especially by mathematics 
educators. Thanks to proof, the underlying relationships (true or false) of a claim can be “causally” explained 
(Hanna, 2000), and this can be interpreted as an important dimension of the “pedagogical” function of the proof. 


The proving activities, which have great importance at all levels of teaching, play a significant role in the 
learning and teaching of many mathematical subjects, especially at the university level. The proving ability in 
advanced mathematical topics is considered one of the critical abilities (Weber, 2001) and the development of 
this ability is among the objectives of many courses. In the meantime, although the importance of proof in 
mathematics education studies is frequently emphasized, researches show that undergraduates have difficulty in 
this regard. One of the reasons for these difficulties is insufficient understanding of the nature of the proof. For 
example; Sari, Altun and Askar (2007) determined that individuals have developed an incomplete understanding 
of the proof, by sticking to reasons based on empirical results. Selden and Selden (1995) also stated that 
undergraduates adhere to their informal approach in their proof process. On the other hand, Attwood (2001) 
emphasized the deficiencies experienced in organization and argumentation in his thesis study. Similar 
epistemological-based challenges are also encountered in the work of other researchers (e.g., Almeida, 2000; 
Baker & Campbell, 2004; Harel & Sowder, 2007; Knapp, 2005). Besides, it can be thought that a significant part 
of the difficulties related to the proving is due to the pedagogical or psychological factors including readiness 
(pre-knowledge, language & representation, reasoning skills, etc.) in particular. At this point, when the 
mathematics education literature is investigated, it can be seen that various findings regarding the failures arising 
from individual factors such as "readiness", "misconceptions" and "metacognition" are emphasized by many 
researchers (e.g., Antonini & Mariotti, 2007; Doruk & Kaplan, 2017; Giiler, Ozdemir, & Dikici, 2012; Harel & 
Sowder, 2007; Jones, 2000; Knapp, 2005; Ko & Knuth, 2009; Pala & Narli, 2018a; Weber, 2006). For example, 
Jones (2000) stated that undergraduates could not adequately internalize the representations and presentations 
required to create proof, while Knapp (2005) emphasized the difficulties of students at this level in formal 
understanding of mathematics. On the other hand, Antonini and Mariotti (2007) highlighted methodological 
deficiencies. Another important deficiency in the proof activities is the inadequacies based on the "intuitive 
understanding" that accompanies this process (Moore, 1994). Intuitive structures underlying many theories that 
try to explain the proof process are one of the primary elements for active understanding and productive thinking 
(Fischbein, 1982). Furthermore, as stated by Weber and Alcock (2004), intuitive reasoning is expected to be 
used as a complement to formal thinking in justification activities. Both explanatory and convincing proofs 
(called as semantic proof) can be created thanks to the intuitive processes guiding formal processes. Otherwise, it 
can be said that the "persuasion" dimension of proof cannot be fully revealed when the intuitive understanding is 
not arised. 


Thanks to the detailed examinations related to difficulties experiencing in the proving process, which listed 
in general terms above, many different perspectives evaluating this process have been presented. For example, 
while Harel and Sowder (1998), who thoroughly examined the "justifications" of individuals in the proving, 
presented the proof schemes, Tall (1998) focusing on the "use of language" in this process, proposed a 
representation-based classification. Additionally, Weber (2001), who observed the case that students may fail to 
create proof even though they both know and apply the concepts, definitions, and theorems, defined the concept 
of strategical knowledge and emphasized its role. On the other hand, it can be also seen that other researchers 
(e.g., Giller & Dikici, 2014; Hart, 1994; Harel & Sowder, 1998; Weber & Alcock, 2004) mostly focus on the 
cognitive dimension of the proof and its cognitive products. At this point, considering the fact that proving is 
also a learning activity, it can be thought that this process can be interpreted from the “knowledge construction” 
perspective. However, when the literature is examined, it can be concluded that there is an insufficient number of 
proof studies based on the knowledge construction process. Thanks to such studies, it may be possible to provide 
a multi-dimensional perspective by combining the cognitive factors involved in the process with affective 
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factors. Besides, it can be determined how each stage of the proving process is structured by individuals, and the 
underlying causes of the difficulties, which experienced in this process, can be interpreted better. 


1.1. Theoretical Framework 


Mathematics independent of proof skill cannot be considered (Schoenfeld, 1994), and in the same way, all 
students cannot be expected to go through the same processes in proof activities (Weber & Alcock, 2004). 
Learners are expected to demonstrate their own unique experiences, as their knowledge and pre-experiences are 
different. Besides, it can be stated that the various elements (such as readiness, strategic information, intuitive 
understanding) that form a basis for the proving activities are also part of the concept image in the mind of the 
individual. Because it is important to have a rich image to use the concepts flexibly. Therefore, in order to be 
successful in proof activities, the individual is expected to have many things such as situations, facts, features, 
relationships, shapes, and visuals related to the concept in question (Selden & Selden, 2007). Having a rich 
concept image, on the other hand, is possible with the correct structuring of the knowledge construction process. 
Hershkowitz, Schwarz and Dreyfus (2001), who examined this process with socio-cultural dimensions, 
presented the RBC abstraction theory in the context of the Abstraction in Context (AiC) framework to analyze 
knowledge construction at the micro-analytical level. In this context, it can be said that construction of a new 
knowledge is possible thanks to the epistemic actions of "Recognizing (R-)", "Building With- (B-)" and, 
"Construction (C-)" respectively. Recognizing (R-), which is the first step of the abstraction process, is 
recognition of a pre-formed structure by the individual in the problem solving process (Tiirniiklii & Ozcan, 
2014). On the other hand, the use of a pre-formed mathematical structure to solve the problem is explained by 
Building With- (B-) action (Schwarz, Dreyfus, Hadas & Hershkowitz, 2004). Construction (C-), which is the last 
stage of the process, refers to the restructuring of previous mathematical structures through partial change 
(Bikner—Ahsbahs, 2004). The "restructuring" mentioned here refers to a vertical mathematization process. 
Therefore, thanks to the Construction (C-) action, it is possible to discover a “new” mathematical structure that 
was previously unavailable for the individual (Hershkowitz, Schwarz & Dreyfus, 2001). On the other hand, 
contrary to unpredictable coincidences, it can be said that some of the basic mechanisms involved in the 
mathematical thinking process play significant roles during this discovery (Liljedahl, 2004). “Aha! Experience” 
and “Enlightenment” are among these mechanisms that accompany the knowledge construction process. Thanks 
to the "Aha! Experience", which can be imagined as a spark of electricity that suddenly shines, it can be said that 
the knowledge structures already exist in the learner's mind come together with a suitable combination and, in 
this way, an original idea is allowed to emerge suddenly and definitely (Liljedahl, 2005). Besides, thanks to this 
new knowledge, it can be said that the individual can better understand the situation, which he or she involved 
in, and is "Enlightened" in the sense of Rota (1997). The concept of enlightenment, which can be defined as 
providing an insight into the connections underlying the statement to be justified, is beyond the validation of the 
formal reality of a mathematical concept. It can be thought of as understanding the role of a "concept" in the 
context of other mathematical knowledge structures. In other words, it can be interpreted that a mathematical 
expression is enlightening to the extent of the meaningfulness of the whole, which it forms with other structures. 
Considering the complex relationship network in the proving process, it can be concluded that the formation 
process of a mathematical concept is closely related to both the "Aha! Experience", which led to the discovery of 
new knowledge, and the "Enlightenment", which following it (Kidron & Dreyfus, 2010). 


By considering the conceptual framework presented up to this stage, Kidron and Dreyfus (2014), who 
examined both the interaction between intuitional and logical thinking in the proving process and the knowledge 
constructing resulting from this interaction with the theoretical framework of Abstraction in Context, have 
reached the concept of the proof image as a result of micro-analytical analysis of the proof processes of two 
professional mathematicians (named as K and L). They introduced the concept of the proof image, which they 
define as an important step in the proving process, by comparing it with various perspectives on proof such as 
intuition (Fichbein, 1994), conceptual insight (Sandefur, Mason, Stylianides & Watson, 2013), semantic proof 
production (Weber & Alcock, 2009), concept image (Tall & Vinner, 1981), and they formed proof image-formal 
proof analogy using the double-strand concept image-concept definition structure. Evaluating the experiences 
they have gained from other studies (Kidron & Dreyfus, 2009, 2010), the authors explained the nature of the 
proof image as follows: 


...the complementary nature of intuitive representations and logical thinking allows for an early 
stage of synthesis between the intuitive and the formal aspects of mathematics in the sense of 
Fischbein (1994). The notion of proof image nicely suits the beginning of such a synthesis because 
it consists of a mixture of selected previous constructs and logical links, both of which may be 
intuitive (Kidron & Dreyfus, 2014, p. 229). 


Accordingly, the authors stated that an individual, who attempted to understand why a claim is true, may 
have a proof image as long as he or she has the two components (Cognitive Understanding and Intuitive 
Conviction) together. These main components that constitute the proof image and their sub-dimensions are 
presented in Table | below: 
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Table 1. Components of the Proof Image 
PROOF IMAGE (Kidron & Dreyfus, 2014) 


Cognitive Understanding Intuitive Conviction 
This component is the cognitive dimension that includes the The affective dimension that provides an 
following sub-components based on selected (R-) previous intuitive conviction for the actions performed 
constructs to demonstrate the accuracy of any claim, and the by the individual in the proving process, and 
cognitive intuition connecting them. is intricately linked to cognitive 
C;- Being Personal understanding. 

The image that comprising traces of the individual's 

inferences and experiences, and develops by feeding It includes cognitive intuition and 

on them. logic that enrich the understanding of 
Cx Including Logical Links the individual. 


Handling of the selected mathematical structures in a 
connected frame with logical links instead of an 
isolated form. 


C3- Being Dynamic 
The image progress from a simple form to a complex 
form, and also its former forms are encapsulated by the 
later ones. 


C4- Giving Rise to an Entity (Integrity) 
The holistic development of the image allows a 
formation. 


1.2. Problem Statement 


The authors, who presented the theoretical framework of the proof image, defined the components of the 
image in the context of a theoretical basis in their original work and shared examples of them in two proving 
activities. On the other hand, a case where the proof image does not exist has not been examined and, the 
connection between the proof image and the formal proof has not been deepened. By considering this gap in the 
theoretical framework, the problem of this study was determined as “What is the effect of the formal knowledge 
on the formation of the proof image when examined in the context of the infinite sets?”. The context of the study 
was chosen as Cantorian Set Theory and the equivalence relationships between infinite sets, which are dealt with 
in this context. Because, just like Kidron and Dreyfus's (2014) explanations on the development of the proof 
image, many studies in the literature (e.g., Kolar & Cadez, 2012; Pala & Narli, 2018a, 2018b; Tsamir, 1999) 
emphasize that the concept of infinity includes an increasingly complex intellectual process proceeding from 
intuitive to formal. Considering this similarity between developmental processes, it can be said that the concept 
of "infinity" can provide an appropriate context to examine the proof image. Besides, it is especially thought that 
the contribution of the formal knowledge in the formation of the proof image can be determined through 
activities in which sufficient knowledge exists and not. In this way, suggestions for instructional applications can 
be presented, in particular, by clarifying the difference between situations with and without the proof image. 
Because, as Selden and Selden (2007) stated, even being aware of the difficulties related to proof and proving 
can make educators more sensitive about how to help students. 


2. Method 


In this section, information about the design, the participants, process, data collection tools, and data analysis 
techniques of the study are presented. 


2.1. Research Design 


This study, which is a part of a larger doctoral thesis study, is a descriptive type of qualitative research. 
Qualitative research can be defined as “Research in which qualitative data collection techniques such as 
observation, interview, and document analysis are used and a qualitative process is followed to reveal 
perceptions and events in realistically and holistically in their natural environment (Yildirim & Simsek, 2013, p. 
39)”. Besides, in descriptive research, events, objects, and concepts are explained by being described, and thus 
the relationships between the variables are revealed (Kaptan, 1998). Due to the in-depth and multidimensional 
examination of the proving processes in the research, case study design, which is one of the qualitative analysis 
methods, has been preferred. In this approach, factors related to one or more situations are investigated with a 
holistic approach, and in-depth analyses are carried out to determine "how they affect the situation" and "how 
they are affected by the situation" (Yildirmm & Simsek, 2013). According to S6nmez and Alacapinar (2011), it is 
a case study to examine a complex, special, and interesting phenomenon within its own conditions. In this 
method, an unknown fact can be discovered or a situation can be defined in detail. 
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2.2. Study Group 


The study group of the research consists of 3 sophomore pre-service mathematics teachers, who are selected 
by the criterion sampling method. This class level has been preferred as it contains intensive knowledge of 
Cantorian Set Theory and especially cardinality. Since the study aims to examine a situation in multiple 
dimensions and in-depth, the number of participants has been limited. Criterion sampling has been preferred as it 
allows the selection of pre-service teachers who have the qualifications determined concerning the problem. The 
main understanding of this sampling method is studying all situations that meet a set of pre-defined criteria. At 
this point, the criteria list determined for the participants who included in the study is presented below: 


¢« Not having difficulty in expressing thoughts verbally or non-verbally 
« Academic success in “Abstract Mathematics” course 
¢ Volunteering to participate in the research 


Since the framework of the proof image is based on the idea of socio-cultural abstraction, it has been taken 
into consideration that the participants must have sufficient communication skills for conveying their thoughts to 
others by organizing them. Individuals, who can use verbal and non-verbal language effectively, have been 
determined thanks to the 5-week in-class observations. In addition, participants were expected to have enough 
background as to the Abstract Mathematics course, which includes basic subjects such as symbolic logic, sets, 
relations, and functions, to perform the proofs expected to them. Because the Set Theory put forward by Georg 
Cantor includes concepts such as cardinality, infinite sets, and countability. At this point, their academic success 
in the previous year (1* grade) has been taken into consideration. Finally, participants of the study have been 
selected among the individuals, who met the first two criteria and volunteered, in line with the expert opinion. 
These teacher candidates have been named as C, F and N. Participants completed the Basis of Mathematics and 
Abstract Mathematics courses from the proof-based courses at the 1*' grade level before the study and continued 
to take the Logic I and Linear Algebra I courses during the time of the study. 


2.2. Process, Data Collection and Analysis 


Before starting the study, the necessary ethical permissions have been obtained from the ethics committee of 
the relevant university institute. Then the data collection process started. The triangulation technique was used in 
the process. According to Biiyiik6ztiirk, Kilig-Cakmak, Akgiin, Karadeniz and Demirel (2013) triangulation is an 
application that allows two or more methods, which are integrated, to be used in research together instead of a 
single method and aims to enrich the method in this way. Following the determination of the participants, task- 
based interviews (Task I-HI-HI and IV) were started to determine the ways of thinking and formal/ intuitive 
approaches regarding the equivalence of infinite sets. During the process, except for the pilot study, a total of 13 
proof activities (4-times with each participant individually and, 1-time group study in a socio-cultural interaction 
environment) were executed. In addition, since this study focuses on the role of formal knowledge in forming the 
proof image, the shared data is limited to the first two tasks (Task I and Task II). In both tasks, teacher 
candidates were asked the following question and were expected to prove it: 


“Are the entire infinite sets equivalent? If you think this is not true, please give two infinite sets example that 
you think they are not equivalent. ” 


This question was selected (in line with the opinions of two experts) since it both contains the basic relations 
of the concept of cardinality in a multidimensional manner and allows the participants to use their intuitive 
approaches. As the proof questions addressed in task-based interviews include high-level cognitive skills and has 
long answers, the number of questions was limited. Tasks were carried out in parallel with the course of Logic 1, 
which includes topics related to Cantorian Set Theory, and they were scheduled at certain time intervals 
accordingly. Except for the first task, the pre-knowledge that participants needed were presented by the lecturer 
in the courses. As the proofs that participants would shape in situations, where they have insufficient pre- 
knowledge, were focused on, no pre-knowledge was presented before the first task. In addition, the participants 
did not encounter any of the questions, which were presented to them in the tasks, before. Right after the first 
task, the first course about the basic philosophy of Cantorian Set Theory was presented. In this course, it was 
provided that they acquired basic information about the concept of cardinality and it was exemplified by 
explaining that the equivalence of two infinite sets can be shown in line with the following definition: 


A~Bo{f|f:A— B,bijective}#@ (Giiney & Ozkog, 2015, p. 418) 


Right after this phase (the day after the first task), the participants were asked the same question and expected 
to prove it. The second task aimed to compare the information structures / proof images and proof approaches 
the participants had before and after they received formal information. There were no restrictions with respect to 
their responses in order to ensure the participants’ freedom of response. At each stage, the participants were 
asked to explain their proof processes out loud. The entire process was recorded by using two cameras and two 
different angles. While one of the cameras focused on the participants’ answer sheets, the other one focused on 
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their faces in order to analyze their feelings and intuitions. After the participants completed each proof process, 
semi-structured interviews were conducted with the participants in order to evaluate the components of the proof 
image. The researcher used this method to obtain in-depth information by asking more questions in addition to 
the questions listed in the interview form that he has prepared. This method ensured an open-ended interview 
process during which new discoveries could be made depending on the responses of the participants. The 
questions used in the interview form were developed in accordance with the feedbacks from two experts and 
their validity was confirmed by using a pilot study conducted before the tasks. Furthermore, the participants 
themselves also provided support especially in the process of evaluating the feeling dimension of the proof 
image. Clore (1992) defines the concept of feeling as all "internal" signs that provide usable feedback or 
information coming from the bodily, cognitive or affective states. Clore’s definition (1992) was used as a 
reference for the affective analysis conducted in this study. Since the feelings are internal signs, it is more 
difficult to evaluate them externally. Thus, it is considered to be more objective to allow the participants 
themselves to assess their own feelings (i.e. suspicion, doubt, happiness, anxiety etc.). After the completion of 
each proof process, the researcher showed them “the video recordings of their faces” and asked them to fill in 
their feeling charts and submit the charts as soon as possible. The feeling chart is provided in the form of a table 
in order to help the participants to match their feelings with the relevant events of the proof process. 
Furthermore, before starting the tasks, the researcher provided preliminary information about the definition of 
feeling and how to fill in this table. Thanks to this, the researcher was able to collect data that allowed the in- 
depth analysis of the proof processes in terms of cognitive and affective dimensions and proof images. 


After data were collected, the analysis process began. Transcription was carried out together with the analysis 
process. At this stage, descriptive analysis method was used in order to classify the actions carried out by the 
prospective teachers according to the categories (cognitive and affective categories) as suggested by Kidron and 
Dreyfus (2014). According to Yildirim and Simsek (2013), descriptive analysis summarizes and interprets data 
in line with the predetermined themes, and then some conclusions will be reached by examining the cause and 
effect relationship. In order to ensure the reliability of the coding process (at the end of each proof task), the 
researcher obtained feedbacks from the field expert and made the necessary corrections accordingly. The results 
of the analysis revealed that while the participant "F" had no proof image in both tasks, the participant “N” had 
the proof image in both tasks and the participant “C“ was able to develop a proof image in the second task (after 
receiving formal information) although she had no proof image during the first task, Since this study aims to 
assess the effect of formal information on the formation of proof image, only data about the participant © will be 
shared. 


3. Findings 


This section presents the data obtained from the analysis of the proof processes of € in the first and second 
task. At this stage, the proof processes are discussed first and the findings are revealed after examining the 
components of the proof image. The sub-categories of cognitive dimension of the proof image are evaluated by 
using epistemic actions including the individual's intuition, discourse, actions, and attitudes. This section also 
discusses the intuitive conviction dimension of the image and especially the feelings in this context, in line with 
Clore's (1992) approach. The researcher primarily uses the interview data and responses given to the feeling 
charts for the assessments made at this stage. Furthermore, in some cases, the expressions and mimics of 
individuals are also evaluated in order to elaborate on the dimension of the feeling. 


3.1. Task I - C's Proof Process 


After reading the question at the beginning of the proof process, € first started to think about the concept of 
infinity and infinite sets. After C remained silent for a while, she defined the infinite set as "a set whose elements 
are infinite". She also noted that the sets of integers (Z), rational numbers (Q) and real numbers (R) could be 
good examples. After that, she gave a specific example in order to clarify the general question and asked herself 
that “So integers and rational numbers ... Both are infinite sets. Are these sets equivalent?" At this stage, she 
started to think about the concept of “equivalence”. She defined equivalent sets as “sets with the same number of 
elements” and mindfully wrote the following sentences: 


The set of rational numbers can have 


more elements than the set of integers. 


Clemmarindn fetle 
Figure 1. ('s initial line of thought with regards to the sets Z and Q 


When she was asked to explain how she reached this conclusion, € noted that "every integer is a rational 
number, but may not be the other way around". However, she used the word “may” instead of making a 
definitive judgment. When the researcher asked her why, she said that “we cannot count the number of elements 
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that infinite sets have. But at first glance, the number of elements in the rational numbers seems to be more”. At 
this point, she summarized the main reason of her dilemma as follows: 


The first thing that came to my mind was that the rational numbers had more elements... But since both are infinite 
sets, I think we cannot count their elements. I cannot say that one infinite set is bigger than another. I cannot make a 
comparison between the infinites ... But since both sets have infinite elements, they are probably equivalent. 


At this point, she realized that her examples put her in a deadlock situation, and decided to include the real 
numbers (R) into the thinking process. However, after she faced a similar challenge again, she was unable to 
overcome it. At this point, she noted that examples of sets having “subset relation” created confusion and did not 
help her. Then, she thought about it a little bit more and decided to create the following visual model (a number 
line), in order to interpret the relationships on sets: 


O 
pf 


2. ,~-t 


Figure 2. (’s drawing that focuses on sets and shows the relations between them 


iy) 


On this model, she specifically focused on the gaps between the integers. After a while, she felt both 
surprised and happy and said that “Both real numbers and rational numbers covered the entire number line. 
Therefore they can be equivalent". However, at this stage, she came to the conclusion of the set of integers 
cannot be equivalent to these sets (since it contains spaces between its elements). On the other hand, she found 
these two examples insufficient to reach a general conclusion and decided to question the similar relationship 
again in terms of different infinite sets. At this stage, the first sets that came to her mind were odd numbers and 
even numbers. Similarly, she also showed these sets on a number line (see. Figure 3) and decided that they 
should be equivalent by considering the relationship between the consecutive elements. 


a Sar 
ot eS ; 


é 


Figure 3. C's drawing that shows the equivalence of sets of odd and even numbers 


On the other hand, although she stated that these examples were sufficient to convince her about the 
equivalence of the infinite sets until this stage, she could not reach a definite result for the situation of "not being 
equivalent" with a sad attitude. She noted that the figure she created for the integers (Z) and rational numbers (Q) 
might be misleading and made the following explanation: 


When I look at it on this figure, I think these (she refers to odd and even numbers) are equal. But I think the integers 
and rational numbers are not equal. (With indecisive tone) I think this figure misleads me. As we express it verbally, 
infinite element is equal to infinite element. 


After this explanation, she remained silent for a while and continued her line of thinking by focusing 
especially on the first line she drew. After a while, she made the following explanation by pointing again the 
spaces between the integers in the number line with the tip of her pen: 


Rational numbers have infinite elements that are not integers. When we subtract them from the rational numbers, only 
integers will remain. This means subtracting infinity from infinity, which leads to uncertainty. 


‘ 
At this stage, she attempted to find an answer to her question of 00 —co=00, but after some simple attempts, 
she gave up. She explained why she could not continue with the proof process, as she had never thought about 
the mathematical meaning of the ““cO—00” (and why it is uncertainty). Therefore, she said that she did not have 
sufficient information to continue with the proof and ended this process by writing the following sentences. 


x J When we subtract integers from 
rational numbers, infinity minus 


infinity situation occurs since there 


are infinite rational numbers. 


2 
Figure 4. The uncertainty 00 —co=00 determined by C€ in the context of sets Z and Q 
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3.2. Task I - Evaluation of C's Proof Image by Its Components 


Before the first task, the instructor did not provide any preliminary information about the concept of 
equivalence proposed by Georg Cantor. This practice aimed to find out whether the participants could develop a 
proof image in their own without sufficient preparation. On the other hand, analysis results revealed that C could 
not develop a proof image during the first task. The results obtained in the context of sub-components are 
presented below. 


3.2.1. C;- Being Personal 

After examining ©’s proof process, it can be said that C’s unique way of thinking guided the process. In other 
words, she attempted to prove her own ideas instead of using an approach taken from any external source 
(teacher, book etc.). She tried to develop her own arguments regarding the accuracy of her claims at the each 
stage of the proof. Therefore, it can be concluded that final product was created as result of C's own cognitive 
efforts and therefore her image had the characteristic of personal understanding. In addition to this, the fact that 
she clearly stated that she had not seen a similar proof before in interview, can also be considered as one of the 
indicators of this characteristic. 


While developing her understanding, ¢ tried to reach a comprehensive conclusion by considering specific 
examples for a general problem related to “every infinite set”. For this reason, it can be said that these examples 
had shaped her understanding to a great extent. Thanks to these examples, € was able try different approaches 
and she determined that some infinite sets can be equivalent. However, she was unable to answer some questions 
or made only superficial explanations with intuitive responses, largely due to her inadequate knowledge. 
Therefore, it can be said that although she was able develop an understanding, she had difficulties in terms of 
deepening it. Hence her proof process was inconclusive. 


3.2.2. C2 Including Logical Links 

When the proof process is examined, it can be said that € performed a proof activity that started with 
informal components instead of formal mathematical understanding in general. In this process, she recognized 
(R-) many mathematical structures in accordance with her personal understanding and used (B-) them at several 
points in order to make a progress in the proof process. This characteristic can be observed at many different 
points in her proof process. For example, the sub-set relationship between the elements of the set of integers and 
the elements of the set of rational numbers can be seen as an example of this characteristic. On the other hand, 
she was not able to establish the expected formal relations at several points due to her insufficient knowledge 
regarding Cantorian Set Theory. € could not go beyond the definition of “sets with equal number of elements are 
equivalent sets” which is a definition valid for finite sets and she could not use the idea of a “bijective mapping” 
proposed by Cantor. Moreover, there were several erroneous and inadequate relationships based on the concept 
of infinity during the process. For example, ( was not able interpret the “‘co - oo” situation at the last stage of the 
proof in terms of equivalence. In addition to this, it can also be said that she was influenced by her intuitions as 
well as her formal thinking style in terms of relations established by her. For example, when she compared the 
sets of rational numbers and integers, she considered the spaces between the integers and said that these two sets 
cannot be equivalent. This explanation can be considered as an example of intuitive approach. Furthermore, it 
can also be said that € reached a dead end due to her insufficient mathematical knowledge to verify or falsify her 
intuitions. For example, when she considered her visual intuitions, she described odd and even numbers as 
"equivalent" infinite sets, but rational numbers and integers as "non-equivalent" infinite sets. Therefore her 
intuition of "every infinite set is equivalent" displayed an indecisive fluctuation, sometimes getting stronger and 
sometimes weakening. This can be considered an important factor explaining her inability to end her proof 
activity. 


3.2.3. C3 — Being Dynamic 


In the process of proof, € used her intuition that every infinite set should be equivalent and tested the 
accuracy of her intuition by using different examples (odd numbers - even numbers, rational numbers — integers 
etc.). At this point, she could take her proof process from simple connections with few components (basic 
concepts, axioms etc.) to a more complicated level that contains more components (relation networks, feelings, 
etc.). However, she followed a process guided by her intuitions due to her lack of formal knowledge to explain 
certain points needed in the proof process. In other words, she was not able to reach the expected “justification” 
level, which links mathematical information. This weakened the hierarchical connections established between 
the phases of the proof process and hindered the formation of a comprehensive proving method. Therefore, it can 
be said that € has obtained a static image consisting of discrete structures that contain partially consistent 
connections. Following explanation, which she made at the end of process, shows that she had a branched 
process of proof, which is divided into different branches, instead of following a spiral (dynamic) development: 


I tried to find a contradiction without success. Sometimes my mind followed other directions, but I 
couldn't reach a conclusion. 
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3.2.4. C4— Integrity (Giving Rise to an Entity) 


Due to the deficiency of dynamic development in her proving activity, € could not reached a holistic picture 
and thus her proof image lacked integrity. Furthermore, her image had separate image parts. Due to this 
fragmented image, it can be said that € could not carry the stages of proof in her mind as a whole, and she 
experienced some contradictions when she tried to use the conclusion she had reached in the previous stages. For 
example, as a result of her actions she realized that odd numbers and even numbers could be equal (on the 
number line), but could not form a definite judgment in terms of integers and rational numbers. Moreover, in 
terms of the equivalence of infinite sets, she made two different interpretations, one based on the "sub-set 
relation" and the other one based on the "single infinity intuition" and she preferred to end the process since she 
could not find any evidence that could falsify any of them. In this context, especially the inability to reach a 
conclusion and "incomplete" proof process can be considered as an important indicators of the lack of this 
characteristic. Due to this defectiveness, ( also could not experience inspiring moments (insight and 
enlightenment). Because the basic components, which allowed inspirational moments such as “a comprehensive 
view of the process”, “establishing connections with previous stages” and “being able to predict the next stages”, 
were missing. 


3.2.5. Intuitive Conviction 


€ experienced various affective states due to the cognitive fluctuation she had during the proof process. 
Although she had an intuition that infinite sets should be equivalent at the beginning, she could not convince 
herself. Because she could not reach the desired results when she questioned this intuition at certain points. 
However, it can be seen that she had some positive feelings at certain points, when she tried to confirm her 
thoughts. She revealed them both in her explanations during the interview and in the notes she made on her feel 
chart. For example, when she saw that "the odd and even numbers should be equivalent” on the number line she 
drew, she justified her intuition about the equivalence of the sets and stated that she was feeling on the right 
track. However, when she compared the integers and rational numbers on the same figure (considering that there 
are infinite rational numbers between the two integers), she realized that these sets should not be equivalent and 
saw that this contradicted the intuition of "all infinite sets are equivalent". She noted in her feeling chart that she 
had “feeling of suspicion”. On the other hand, she ended the proving process by stating that she did not have 
enough information to resolve this contradiction. 


3.3. Task II - The Proof Process of C 


¢ read the question with a smile on his face at the beginning of the second task and then explained what she 
learned in the course presented before the task, as follows: 


The equivalence means the number of elements was equal, but when there is a bijective function between 
two sets, they would also be equivalent. We gave examples of this in the class. 


At this point, she noted that the definition of equivalence that is valid for finite sets ( A=Ba n(A)=n(B)) 
cannot be applicable for infinite sets, and she gave examples of bijective matches she learned in the course as 
follows (IP: Prime Numbers): 


_ pie \—>0 
. Z—>\ 
I R= — \ 
2 2 
= Gy —>2 


INWZ 
Figure 5. Example matches noted by ¢ for P ~ N and N ~ Z for she learned at class 


After giving these examples, she focused on the question again and realized that her examples did not 
provide an adequate answer for “every infinite set” and explained that “there might be infinite sets that I do not 


9 


know of and they may not be equivalent”. Furthermore, she began to rethink the question of Q~ R, for which 


she could not find an exact answer in the previous task, saying that if she could find a suitable example, she 
could answer the question. First, she summarized her previous approach and stated that “7 showed them both on 
the number line. I've made a match. I said the numbers of elements are equal”. She also noted that this time she 
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would focus on bijective match. Although she tried to form some functions (such as f (x) = x and f (x) = x’) 
between two sets, she refrained from making a definite judgment about equivalence, taking into account that 
they did not meet the requirements of being bijective. At this point, she changed her sample, stating that she had 
difficulty thinking about the sets she chose. At the next stage, she tried to find an answer to Q~Z question. 
Firstly, she considered the elements of integers and the elements of the rational numbers and stated that she 
needed to write down a fractional function and then, she defined the mathematical expression of “f: Q>Z, f(x) = 


—", At this point, after thinking for a while, she said it would not be a valid function. When she was asked about 
2 
the reason, she gave the following answer: “For example, if I took //, it will go to 2. But if I had 3 it would go to 


3 ; : : ‘ 
z and it is a rational number as well’. As to the comparison between rational numbers and integers, she said, 


"it seems that there are more elements in the set of rational numbers". Then she remained silent for a while and 
examined the examples she gave from the beginning of proof process and determined that the “sub-set” 
relationship did not create any problem in terms of equivalence of sets. At this stage (as in the previous task) by 
hoping that drawing diagrams might work, she drew a number line and then made the following explanation: 


9 ~! oO ek 2. 


Figure 6. The number line formed by ¢ to reflect on sets Q and Z 


(Sighing) But... Rational numbers are infinite. Let's say I matched a number from here (referring—2 to — 
1) to that (referring to —2). I matched another one with this one (referring to the number —1). J think the 
numbers in between (other rational numbers between —2 and —1) will remain unmatched. We may not 
find an integer to match them. When we look at the figure... 


Later on, by deepening her drawing approach, she started to think about how a function graphic can be 
defined between these two sets. While drawing a coordinate plane, she expressed her thoughts out loud and made 
the following explanations: 


(2> 


> 
x @ 


Figure 7. Graph created by € for a function that can be defined between the sets Q and Z 


If I take a point from here (marking a point on the x— axis), it will match to a point from there (marking a 
point on the y — axis). I mean it will match... (By noticing something) But a rational number may be 
present here showing the points on the x-axis) between the two rational numbers (?). 


While examining the axes, she realized that although she knew that "there was no other integer between two 
integers," she could not impose such restrictions for the rational numbers. However, she did not want to proceed 
without mathematically verifying this hypothesis. At this point, she started to think whether there are successive 


; = a ; . 1 2 
rational numbers similar to the successive integers and she chose the unit fractions of 5 and 3 as an example. 


After thinking for a while, she used the concept of equivalent fraction and illustrated that she could write a 
different rational number between two rational numbers she chose as follows, and thus realized that she was not 
mistaken in her intuition: 


3 
~~ "s 
(2) { rv) 


Figure 8. Another rational number specified by © between two rational numbers 
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On the other hand, this result also helped her to understand that the graphic she created between Q and Z 
was not actually a function, and therefore she concluded with a tone of disappointment that "Neither drawing 
function nor number line worked. I cannot form a function either. Maybe it's not equivalent’. After this point, 
she focused on the sets R and N and stated that she would think about non-equivalence of the sets instead of the 
equivalence. When she was asked why she chose these sets, she made the following explanation: 


I chose them; because this set (R) is the biggest and the other set (N) is the smallest... The set of real 
numbers includes natural numbers. The biggest of the including sets that I know of. 


After thinking about the elements of the sets for a while, she drew a number line to see them as a whole. 
After trying to visualize how a bijective match could be, she made the following explanations: 


\ 
f 
4 
| 
BA 
\ 
+ 
} 


(wv) in) UN) 


Figure 9. The number line drawn by € to see the R and N sets as a whole 


Here (on the left side of the number line, pointing to the far end of the range after the —2 element), I can 
match a real number at the end to 1. I can match the next one to 2. I can continue like this. There are 
already infinite natural numbers. 


However, she found it difficult to form an algebraic function for this match, which she had also difficult time 
expressing it verbally. After thinking for a while, she noted that she could not write a function with a pessimistic 
attitude. When she was asked about the reason of her pessimism, she summarized this difficulty and said that “... 
I have to check whether it is bijective here, but I can't. Since I can't even form a function”. She stated that she 
could write down all the elements of natural numbers one by one, but she could not achieve this for real 
numbers. Then, by writing their some elements more clearly as follows, she continued to think about these sets: 


iD t* je ae ak OF { 
\, + a => kee Sm Y 
~ ; a 
! il —_) : 
' _ 4 / 


Figure 10. Some elements written by ¢ for R and N sets 


At this point, she decided to create a visual matching in order to see the relationships between the elements. 
She chose successive elements from natural numbers and some of the real numbers, and made the following 
match: 


Figure 11. C's (visual) match between the sets R and N 


At this point, she pointed out the arrows that connected each natural number to the square root of this 
number and stated that this match can be expressed in the form f(x) = Vx . Moreover, she also said that although 
this was one-to-one, it could not be surjective in this way. When she was asked to elaborate on this view, she 
pointed out the elements “—1” and “6” in the diagram (on the right side) that do not match any natural numbers, 
and emphasized that they remain unmatched. On the other hand, she started to question if the rule of the function 
to be changed, whether the remaining elements could be matched. She made different mental experiments 
considering that the set of real numbers would include other elements such as integers and rational numbers, as 
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well as irrational numbers. After that, she made the following explanation, stating that even if the unmatched 
integers would be included in the match, the different elements in the real numbers would remain unmatched: 


This is how I feel. They may not be equivalent. (Smiles) Since it doesn't work. When we take some of the 
real numbers, the other numbers will remain unmatched. No matter which rule I write, I think it will be 
like this. Some part will remain unmatched again. One-to-one criterion is satisfied, but surjectivity 
criterion will never be satisfied. 


At this point, she refrained from reaching a general conclusion once again, and by taking into account the set 
? 
of irrational numbers rather than the set of real numbers, she continued to reflect on the question of [~N. 


Similar to the previous case, she created an explicable matching between elements as follows (I: Irrational 
Numbers): 


Vv — => a 
fa 

\ —-> Vic 
lan 
kms 
Saige ‘ 


Figure 12. (’s (visual) matching between the sets of N and I 


She immediately stated without hesitation that this mapping also could not be surjective either, since this 


time the elements such as “V2 + 2”, “x” and “e” would remain unmatched. After realizing the situation was very 
2 
similar to the NW ~ JR question, she explained her opinion with a definite judgment that natural numbers would 


never be equivalent with the real numbers as follows: 


Even if I work until the morning, I cannot write a function. Surjectivity criterion will never be satisfied ... 


Unmatched parts will remain in the irrational numbers set. For example, “V2 + 2” is an irrational number, 
but there is no natural number to match it. Moreover, if there are any unmatched elements left in the 
irrational numbers, the number of unmatched elements in the real numbers would be much higher. I think 
that's why it's not equivalent. 


After this explanation, ¢ reached the conclusion that there could be infinite sets which were not equivalent to 
each other and completed the proof process by writing the following explanation with a happy facial expression: 


} ae SON0U0N . ‘ P eee 
to Lat ore eye One to one match criterion is satisfied but 
. | | , since I cannot form a surjective function N 
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is not equivalent to R. 


Figure 13. C’s conclusion at the end of the proving process 


3.4. Task II - Evaluation of the C's Proof Image by Its Components 


The second task was carried out within 24 hours after the first task. Prior to this task, no clue was given to the 
participants that the same problem would be addressed again. Furthermore, they specifically were asked not to 
do any research between the tasks and it was assumed that they followed this instruction. However, before the 
second task, the instructor gave them a lecture on the basic philosophy of the idea of cardinality. Therefore, the 
second task aimed to examine the components of the proof image that the participants would create (or could not 
create) after they had formal knowledge of the Cantorian Set Theory. Thus, it was aimed to elaborate the role of 
“formal knowledge” in the context of theoretical framework of proof image. Moreover, the results of the analysis 
revealed that C did develop a proof image in this task. The results obtained in terms of the sub-components are 
presented below. 


3.4.1. C;- Being Personal 


When C's proof process is examined, it can be said that she repeated the examples given in the class and used 
them as a starting point. Thus, she was able to create her own unique approach by using the conclusions drawn 
from the basic information she obtained during that class. One of the most important indicators of her unique 
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approach is her willingness to think about different examples. The questions that € asked during the proving 
process are summarized in the table below: 


Table 2: The distribution of questions that C sought to answer during the Task II 


Questions that C Tried To Answer During the Proof Process 


Questions Answered in the Course Questions Unanswered in the Course 
2 2 
N-P R~Q 
3 
N~Z Q-Z 


R~N 
I~N 


She preferred different infinite sets in an attempt to reach a generalization that may apply to “every infinite 
sets”. Based on the presented table, it can be concluded that ¢ did not limit the relationships regarding the 
equivalence of infinite sets with the examples she had seen in the class and could go beyond them. Furthermore, 
she was able to broaden her perspective by trying different approaches and reflecting on several and different 
examples. Thus, she could express them in an increasingly formal framework. 


3.4.2. C2 Including Logical Links 


When (’s proof process is analyzed in a holistic way, it can be said that she chose (R-) various mathematical 
structures in order to deepen her understanding (recognizing) and used them (B-) by making connections based 
on logical justification. In addition to this, when these recognized and used structures are examined, it can be 
also said that © was highly influenced by the course presented before the second task. For example, the concept 
of “function” is one of the clear indicators of this situation. Although it did not emerge in the first task, this 
concept was used effectively in the second task. € did not address this concept alone and used (B-) it by mostly 
associating it with the bijectivity. However, it can be said that she adopted an approach that relied heavily on 
formal mathematical tools compared to the first task. For example, when examining the relationship between sets 
Q and R, after defining the function "f; Q > R, f (x) = x" she made the following explanation, which can be 
considered as an example of a formal approach: 


But if I actually wrote... f (x) = x here, it would be one-to-one, but it wouldn't be surjective. Since the 
elements in the real numbers set would remain unmatched. This example does not work. Real 
numbers... Include the natural numbers and also include the integers. There are rational numbers. There 
is also irrational numbers. There are always some elements in real numbers, which remain unmatched. 


In this explanation, ¢ benefited from the formal relations and examined “bijective function properties” in the 
context of domain set and the image set. Primarily, she thought about the sets themselves and then inferred that if 
the function formed with the rule "f(x) = x" was defined as Q > R, there would be unmatched elements in the 
real numbers and thus this match could not be surjective. It can be said that similar formal inferences 
contributed to C's search for the proof significantly. As she avoided making assumptions between the concepts 
she selected (R-) she was able to obtain a justified relation network. During the interview conducted at the end of 
the proof process, she summarized the framework of the relations she established between the concepts as 
follows: 


Since I was asked about the equivalence, I had to use the concept of bijectivity and for this I needed to 
use the concept of function. I must also define a function from one set to another. I used them by making 
a selection from the number sets such as the sets of integers and rational numbers. 


On the other hand, when the proof process is examined, it is found that C sometimes established incomplete 

or incorrect relations. For example, when she examined the equivalence between Q and Z, she also considered 
: 1 

the definition of rational numbers, and formed the expression of “f: Q > Z, f(x) = m7 ” Thus she thought that all 
rational numbers could be matched with integers. However, after examining the results of several elements and 
evaluated domain-image sets together, she realized that this matching could not be a function. Thus, she 
continued her search for different examples from which she could verify her intuition of "equivalence". 
Although the “incorrect relation” delayed the process, it did not prevent her to reach the formal proof since she 
was able to identify this inconsistency in the relationship network and to eliminated it before moving on to the 
next phases of proof. 
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3.4.3. C3— Being Dynamic 


When the proof process and especially the quality of the connections made in this process are considered, it 
can be concluded that C's proving activity has shown a dynamic development. In particular, she questioned the 
“cause-effect” relationships at every stage of the proof process and avoided making any assumptions. Thanks to 
this, she was able to establish consistent relations between the previous phases of the process and next phases of 
the process. For example, after her approaches focusing on "equivalence” failed, she decided to focus on the 
"non-equivalence" instead and preferred to use extreme examples. At this point, she chose (R-) a set of real 
numbers (R), which is a large set of numbers, and the set of natural numbers (N), which she thinks is a smaller 
set, and imagined how they can be matched. After thinking for a while, she also considered the irrational 
numbers in the real numbers, she defined the function of "f: N > R, f (x) =Vx" and formed a visualized 
diagram. As a result of all these steps, although she used all of the natural numbers she realized that the elements 
remained unmatched in the set of the real numbers and gained a strong intuition that these sets could not be 
equivalent. As shown by this example, € achieved a consistent development from simple to complex structures, 
by including the previous phases into the later phases of the proof process. Thus, it was observed that C, who 
could not even determine a proof method in the previous stages, implemented a proof method based on the 
counterexample approach. Especially in the last stages of the process, it was important that she could not show 
the equivalence of the natural numbers with irrational numbers. At this point, she was able to consider the result 
she obtained at the previous phase and concluded that “if natural numbers cannot even match irrational 
numbers, they cannot be equivalent to real numbers” and she completed the proof process in a short time by 
realizing that she obtained a counterexample. 


3.4.4. C4— Integrity (Giving Rise to an Entity) 


When the proof process is evaluated in terms of integrity characteristic, it is found that C had this exact 
characteristic. She saw the process of proof in the second task as a continuation of the first task and made 
decisions by comparing her actions with the previous ways of thinking as appropriate. Thus ¢ made connections 
with the previous phases as necessary in the proof process, thus guiding the process holistically. For example, 
after her negative experiences in the first task, she avoided thinking about irrational numbers for most part of the 
second task. This shows that she used her conclusions gained from experience and guided the proof process 
accordingly. On the other hand, thanks to her dynamic development, she was able to consider the proof process 
as a whole in one-single form (instead of fragments) and hence she could elaborate on the proving steps. As she 
reached an intuition that infinite sets would not be equivalent and when she failed to show the equivalence 
natural numbers set with the irrational numbers set, (thanks to the holistic view she had) she understood that 
natural numbers were not equivalent to the real numbers and expressed it with appropriate representations. If a 
holistic image had not appeared, it would not be possible for her to establish the link between the two 
conclusions she reached at different times and complete the proof process. On the other hand, € used a critical- 
formal approach in the proof process, established a justified relationship network and kept the elements of proof 
as a meaningful whole in her mind. Hence she was able to develop her insights and experienced enlightenment. 
Her first insight began to develop when € could not show the equivalence of the sets Q and Z after she 
successively gave the examples which she initially considered to be equivalent. However, she was able to reveal 
this insight —-realization— precisely by defining the function of “f: N > R, f(x) =¥x” while she was searching an 

2 


answer for the question of R ~ N. When € formed this function with a visual diagram between the two sets, she 
realized that many elements in the range would remain unmatched, and felt for the first time that infinite sets 
could not be equivalent. During the interview held at the end of the proof process, she explained this insight as 
follows: 


... until I drew this (by showing the diagram match between the sets). | thought they could be equivalent. I 
drew the number line, but it didn't work. But when I drew these sets, I saw that there were unmatched 
elements (that's when I realized)... 


On the other hand, despite this initial strong suspicion of "non- equivalence", she was afraid to reach a 
definite conclusion at that stage and chose to continue the process of proof. However, she had experienced 
9 
enlightenment when she observed that a similar problem was repeated again for the problem of J ~ N after a 
short time. At this moment, ¢ realized that natural numbers could not be even equivalent to irrational numbers 
and therefore could never be equivalent to real numbers. At the interview following the process of proof, she 
summarized her experience contributed to this enlightenment as follows: 


I think they are not equivalent. When we chose natural numbers, we found that some real numbers 
remained unmatched. Then we moved to the irrational numbers. Likewise, we have matched the natural 
numbers to the irrational numbers one-by-one. However, there were also elements remained unmatched 


here: like "V2+2". No matter how many natural numbers I use, there will be unmatched irrational 
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numbers. If I can't match them (she means irrational numbers), then I can't match with the real numbers 
at all. 


Thanks to this enlightenment she experienced, she was able to reach a definite conclusion in terms of proof 
process, she constructed (C-) a new knowledge and finally completed the proving process. The new knowledge 
mentioned here refers to the fact that "the infinite sets which are not equivalent can also exist" . 


3.4.5. Intuitive Conviction 


Formal knowledge, which € acquired before the Task II, contributed to her cognitive understanding in many 
ways and it also had several affective influences. As one of the most important indicators of this development, 
she used fewer assumptions during the Task II, compared to Task I. During the Task II, she firmly maintained 
the cause and effect relationships. Thus, she was able to achieve progress in the proof process by displaying an 
attitude of "critical thinking" at certain points in her decision process. Moreover, she paid more attention to 
feeling "convicted" at every stage of the proof, and therefore she focused on less convincing points instead of 
avoiding them. For example, after thinking about the natural numbers and real numbers for a while, she could 
not reach a conclusion, and then made the following explanation with a pessimistic tone of expression: 


I ran out of examples. (Laughs) The infinite sets that I know of have run out. Is my way of thinking so 
simple? Do I only think about very small portion of it? (She quietly starts to think about it.) 


Although this explanation was interpreted as an indication of the negative feelings that she experienced, C 
did not give up at this point and continued to focus on how a possible bijective matching could be defined 
between the sets. After a while, she realized that she could make a visual matching even though she could not 
form an algebraic function and started the process that resulted in insight and enlightenment. Moreover, thanks 
to this approach, it was observed that she could experience positive feelings (being on the right track, knowing, 
rightness etc.) at several points in the process. During the interview held at the end of the proving activity, 
although she stated that the feeling of being on the right track was interrupted when she questioned the 


equivalence of natural numbers and rational numbers, she noted that she was able to experience this feeling 
2 


again more strongly, especially when she was thinking about the question of R ~ N. On the other hand, she said 
that the feeling of rightness was predominant especially for the examples, which she learned in the course and 
gave at the beginning of the proof process. However, although she could not experience this feeling for a while, 
she felt this very strongly once again thanks to the function of “f: NR, f (x) = Vx” as she noted in her feeling 
chart. Furthermore, she emphasized that for the first time she had doubted that infinite sets might not be 
"equivalent" thanks to this function. Accordingly, she responded to the question about whether the feeling of 
certainty has arisen at any point, during the interview as follows: 


(Without hesitation) I felt it since I used a smaller set, the set of irrational numbers. I thought if it did not 
work here, it would not work for the real numbers as well, when I chose a bigger sample. 


As it can be seen from the explanation, the feeling of certainty accompanied the moment of enlightenment. 
She definitely understood that infinite sets could not be equivalent at this point and she was able to express this 
mathematically. Moreover, unlike the previous task (Task I), she was able to reach a conclusion, and thus she 
said that she completed the proving process. 


4. Discussion, Conclusion, and Recommendations 


In this study, two different proving activities related to the same question examined in the context of the 
proof image framework, which introduced by Kidron and Dreyfus (2014). Although the participant, who named 
C, had enough preparation for the second task, she did not has enough pre-knowledge for the first task. Both 
activities were analyzed in terms of both affective dimension that included intuition and feelings, and the 
cognitive dimension that included the moments of insight and enlightenment. As a result of these examinations 
for Task I and Task II, similarities and differences between them were identified. The most important similarities 
were that she attempted to achieve a specific purpose in line with her personal understanding, she selected (R-) 
certain mathematical structures and established relationships (B-) between them. Considering the relationship 
between proof and different types of knowledge (Dreyfus, 1999), it can be said that these logical connections 
between the concepts served the purpose of "using knowledge effectively". As stated by Barnard and Tall 
(1997), proof requires a synthesis of various cognitive connections to create a new connection. Furthermore, it 
can be interpreted that her understanding related to the equivalence concept in the second task, where she had 
sufficient pre-knowledge, was deeper and more comprehensive compared to the first task. In particular, it can be 
concluded that thanks to the expansion of her perspective she was able to increase the number and diversity of 
the samples in the second task. In this way, she made different types of inquiries and directed her proof process 
according to various findings she obtained. On the other hand, it can be said that in the second task, where she 
had sufficient formal knowledge, she emphasized the "cause-effect" relations between the concepts by keeping 
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the heuristic assumptions in the foreground and thus reached a justified relation network. This led to a 
differentiation in the context of the characteristic of "dynamism", one of the most important differences 
identified between the two proof processes. Thanks to this justified relationship network, C's proof image in the 
second task evolved from an undeveloped form to complex form, from simple to complex, in line the views of 
Davydov (1990) on abstraction. Interaction of discrete parts in the first task and the dynamism, which enabled a 
synthesis (C-) as a result of justified connections established during the second task, can be visualized as 


follows: 


Task | Task II 


Figure 14. Static Structure (Task I) and Dynamic Structure (Task II) 


At this point, it can be said that due to the absence of dynamism in the first task, ¢ failed to establish 
sufficient connections between the results, which she obtained from different examples, and therefore she had 
difficulty in terms of developing a proving method. Similarly, McKee and Selden (2010) also observed that 
when a student did not know what to do next in the proof process, s/he would do something incomprehensibly 
related to the theorem. Moreover, the image that emerged during C's second proof process provided her with the 
insight that allowed her to understand why her argument was correct and thus she felt a need to go beyond her 
intuitive approach to obtain a formal view. Thanks to this intrinsic motivation, she started to express her 
thoughts with more appropriate language, using formal tools such as definitions and notations. This also explains 
the process conducted after she developed the visual matching in the second task. At this stage, as expressed by 
Kidron and Dreyfus (2014), it was possible to move to a more formal dimension from an informal dimension 
since the formal structures (axioms, definitions, theorems, hierarchical relations etc.) supported the weaker 
structures (single examples, assumptions, intuitions etc.). 


Another important difference between the two tasks was the integrity (giving a rise to an entity) 
characteristic. According to Kidron and Dreyfus (2014), when an image reaches integrity, it carries the whole 
mathematical situation in its entirety. Contrary to the first task, it can be said that € was able to carry her actions 
and results, which she reached in the previous stages, in her mind as a whole and thus she could experience an 
insight in the second task. This insight (and subsequent enlightenment) enabled her to reach a comprehensive 
conclusion in terms of the proof process. In addition to this, the inability to reach a definite conclusion during the 
first task was evaluated in the context of the lack of this characteristic. Furthermore, when the dimension of the 
feeling is examined, it can be said that she could successively feel the basic feelings such as feeling of 
familiarity, feeling of knowing, feeling of rightness and feeling of certainty that guided the proving actions at 
certain points in the second task and eventually she experienced a feeling of completeness for the whole activity. 
However, in the first task, it was found that in line with the difficulties experienced in cognitive actions, she 
could only experience some positive feelings momentarily and could not reach the feeling of certainty. 


Considering the specific examples of this study, the main contributions of formal knowledge to the formation 
of the proof image can be summarized as follows: 

« Formal knowledge contributes to the development of an intuitive understanding on why the argument is 
true. 

« Thanks to formal knowledge, a unique proof approach can be identified. 

« It can be provided arguments that can support ideas. 

« The justified relations can be taken into account (instead of making assumptions), when moving between 
the stages of proof. 

« The process of proof moves from an inconsistent form to a more consistent form. 

« The proof evolves from simple structures to more complex structures. 

« Insights and / or enlightenment can be experienced. 

« The steps of proof can be elaborated with accurate representations. 

« Positive feelings (being on the right track, knowing, rightness, certainty etc.) can be experienced. 

« The feeling of completeness can be emerged. 

« The proving process can be completed. 
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It can be said that all of the contributions listed above are directly related to the components of the proof 
image. Based on these results, some recommendations that may trigger the proof images of prospective teachers 
in the proving practices are listed below: 


The conceptual background should be whole and complete. 

Proving methods should be explained and their use should be demonstrated with examples. 

Dynamic thinking styles should be encouraged by using different representation types. 

The difference between assumption and evidence should be emphasized. 

The instructor should explain the “justification” dimension, which is one of the main pillars of the proof 
process, and help the students to acquire the habit of questioning consistency during transitions between 
the proof steps. 

v_ The difference between proven and unproven situations should be emphasized. 

¥_ The questionability of feelings / intuitions should be reminded frequently. 


KR NNN SN 


In addition to the above recommendations, it should be noted that providing formal knowledge may not be 
sufficient to ensure the certainty in terms of the formation of a proof image. In some of the tasks applied within 
the scope of the doctoral dissertation study, which is the main source of this study, it was observed that some of 
the participants did not have a proof image even after they had formal knowledge. These findings were not 
included here, since this study focused on the situations in which the image of proof emerged. On the other side, 
it was also observed in the presented study that C did not reach a formal proof despite having a proof image 
during the second task. She focused on the relationship between natural numbers and real numbers, especially in 
the final stages of the proving process, and decided that these two sets were not equivalent. However, her 
approach was not considered as a formal proof since it did not include a formal generalization that no bijective 
matching can be formed between the two sets. Cantor (1891) was the first person to develop this proof, which 
was considered as a major breakthrough in the history of mathematics, by using diagonal matching. Since ¢ used 
the concept of "infinity" in the context of bijective functions with the meaning suggested by Cantor, it can be 
concluded that she only made a verification as to proof. Therefore, more studies are needed to address the 
question of “How individuals can develop a formal proof after they obtain a proof image?”. Furthermore, the 
understanding on nature of the concept of proof can be deepened by examining the proof images of different age 
groups and for different subject areas, as suggested by Kidron and Dreyfus (2014). 


Ethics Committee Approval Information: Ethics committee approval was obtained from Dokuz Eyliil 
University, Educational Sciences Ethics Committee for the research, with the date of 18/04/2019 and protocol 
number 2019/04. 
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Ispat Imajimim Olusumunda Formal Bilginin Rolii: Sonsuz Kiimeler BaSlaminda Bir 
Durum Calismasi 


1. Giris 


Ogrenme siirecine dahil olan bireylerin, ¢o3u zaman karsilastiklar1 bir 6nermenin dogrulugunu ya da 
yanlisligim nedenleri ile ortaya koymalari gerekmektedir. Bilginin gerek¢elendirilmesi ile ilgili bu husus 
matematiksel diisiinmenin ispat boyutu ile iliskilendirilebilir. spat, matematiZin anahtar bilesenlerinden biridir 
(Thompson, Senk ve Jhonson, 2009) ve matematik 6gretiminde tizerinde oldukga zaman harcanan bir konudur. 
Ctinkti ispatlar sayesinde matematiksel bilgilerin yeniden diizenlenmesi mtimktin olmaktadir (Herbst, 2002). 
Bununla birlikte, matematik egitimi literatiiriinde ispat kavramina iliskin cesitli gdriislerin ortaya ciktigi ve 
ispatin farkh boyutlarmi 6n plana ¢ikaran farkli tanimlarin alanyazinda sunuldugu sdylenebilir. En genel anlami 
ile bakildiginda, matematiksel bilginin genellestirilmesi siirecince izlenen yola “ispat” denebilir (Altun, 2005). 
Bununla birlikte ispatin “agiklama” islevini vurgulayan Stylianides (2007) bu siireci, bir iddiay1 dogrulamak ya 
da yanlislamak amactyla ortaya konan, birbiriyle iliskili savlar dizisi olarak tanimlamaktadir. Diger yandan, 
Harel ve Sowder (1998) ise bu stirecin gézlemlerin “dogruluguna” iliskin stipheleri ortadan kaldirmak amaciyla 
gerceklestirildigini ifade etmislerdir. Dahasi, Tall (1998) tarafindan da belirtildigi gibi matematiksel ispatin 
temel islevi, iddialarin mantikli adimlar sayesinde bir sonuca ulastigin1 géstermektir. Matematiksel aktivitenin 
6zu olarak degerlendirilebilecek bu beceri sayesinde hem yeni matematiksel bilgiler ortaya ¢ikarilabilir hem de 
var olan diger matematiksel bilgiler gelistirilebilir. Bu nedenle Almeida (2000) icin ispat, matematiksel bilginin 
garantisini saSlayan temel bir aktivitedir. ispatin, matemati3i 6Srenmek icin bir arag olmasi (Knuth, 2002) ise bu 
becerinin 6zellikle matematik egitimcileri tarafindan sikca vurgulanmasinin 6nemli bir sebebi olarak 
gosterilebilir. [spat sayesinde, bir iddianin temelinde yatan (dogru veya yanlis) iliskiler “nedensel” olarak 
aciklanabilir (Hanna, 2000) ve bu da ispatin “pedagojik” islevinin 6nemli bir boyutu olarak degerlendirilebilir. 


Osretimin her seviyesinde biiyiik bir 6nem arz eden ispatlama aktiviteleri, 6zellikle tiniversite diizeyinde de 
bircok matematiksel konunun 6Sreniminde ve 6retiminde Snemli bir role sahiptir. [leri matematiksel konularda 
ispatlama yetenegi kritik yeteneklerden biri olarak kabul edilmekte (Weber, 2001) ve bu yetenegin gelistirilmesi 
birgok dersin amaglari arasinda yer almaktadir. Bununla birlikte, matematik egitimi calismalarinda ispatlamanin 
dnemine siklikla vurgu yapilmasina ragmen arastirmalar iiniversite 6grencilerinin bu konuda giiglik gektigini 
gostermektedir. S6z konusu giicliiklerin sebeplerinden biri ispatin dogasina dair yetersiz anlayislardir. Ornegin; 
Sari, Altun ve Askar (2007) bireylerin ispat stireglerinde dissal—deneysel sonuclara bagli gerekcelerle yetinerek 
ispat hakkinda eksik bir anlayis gelistirdiklerini belirlemislerdir. Selden ve Selden (1995) ise tiniversite 
6grencilerinin, ispat stireclerinde informal yaklasimlarina bagli kaldiklarim ifade etmislerdir. Diger yandan 
Attwood (2001) da yapmis oldugu tez calismasinda organizasyon ve argitimantasyon noktasinda yasanan 
eksikleri vurgulamistir. Epistemolojik temelli benzer giicliiklere diger arastirmacilarin (6r., Almeida, 2000; 
Baker ve Campbell, 2004; Harel ve Sowder, 2007; Knapp, 2005) galismalarinda da rastlanmaktadir. Bununla 
birlikte ispata dair gticliiklerin 6nemli bir béliimintin de basta hazirbulunusluk (6n bilgiler, dil ve temsil 
kullanim1, muhakeme becerileri vb.) olmak tizere psikolojik veya pedagojik faktérlerden kaynakli oldugu 
diisiiniilebilir. Bu  noktada, matematik egitimi literatiirti incelendiginde ispatlama aktivitelerinde 
“hazirbulunusluk”, “kavram yanilgilan” ve “tistbilis” gibi bireysel faktérlerden kaynakli basarisizliklara dair 
cesitli bulgularin, pek cok arastirmaci (6r., Antonini ve Mariotti, 2007; Doruk ve Kaplan, 2017; Giiler, Ozdemir 
ve Dikici, 2012; Harel ve Sowder, 2007; Jones, 2000; Knapp, 2005; Ko ve Knuth, 2009; Pala ve Narli, 2018a; 
Weber, 2006) tarafindan vurgulandigi goriilebilir. Ornegin, Jones (2000) lisans diizeyindeki 6%rencilerin ispati 
olusturmak icin gerekli temsil ve gésterimleri yeterince igsellestiremediklerini ifade ederken Knapp (2005) ise 
bu diizeydeki 6grencilerinin matematigi formal ditizeyde anlamadaki gii¢liiklerine vurgu yapmistir. Diger yandan 
Antonini ve Mariotti (2007) ise yéntemsel yetersizlikleri 6n plana ¢ikarmustir. Ispat aktivitelerindeki bir diger 
énemli noksanlik da bu siirece eslik eden “sezgisel anlayisa” bagli yetersizliklerdir (Moore, 1994). ispatlama 
surecini agiklamaya g¢alisan bircok teorinin temelinde yer alan sezgisel yapilar, aktif anlama ve itretici diisiinme 
igin gerekli temel unsurlardandir (Fischbein, 1982). Bununla birlikte, Weber ve Alcock (2004) tarafindan da 
ifade edildigi gibi gerekcelendirme aktivitelerinde formal dtisiinmenin bir tamamlayicisi olarak sezgisel 
muhakemenin de kullanilmasi1 beklenmektedir. Sezgisel stireclerin, forme! siireglere rehberlik etmesi sayesinde 
hem agiklayici hem de ikna edici nitelikte ispatlar (semantik ispat) olusturulabilir. Aksi durumlarda, sezgisel 
anlayis ortaya cikmadiginda ispatin “ikna” boyutunun tam olarak ortaya cikamayacagi da sdylenebilir. 


ispat siirecinde yasanan ve bir béliimii yukarda siralanan giicliiklerin arastirmacilar tarafindan ayrintili olarak 
ele alinmasi sayesinde ispati fark perspektiflerden degerlendiren bircok goriis sunulmustur. Ornegin, ispat 
sure¢lerinde bireylerin “gerek¢gelerini” derinlemesine inceleyen Harel ve Sowder (1998) ispat semalarini ortaya 
koyarken bu stiregteki dilin kullanimi tizerine odaklanan Tall (1998) ise temsile dayali bir smiflama sunmustur. 
Bununla birlikte; 6grencilerin kavramlari, tanimlari ve teoremleri biliyor ve bunlan uygulayabiliyor olmalarina 
ragmen ispati olusturmada basarisiz olabildiklerini gézlemleyen Weber (2001) ise stratejik bilgi kavramini 
tanimlamis ve bunun roliine vurgu yapmuistir. Diger yandan, diger arastirmacilarin (Gr., Giiler ve Dikici, 2014; 
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Harel ve Sowder, 1998; Hart, 1994; Weber ve Alcock, 2004) cogunlukla ispatin bilissel boyutuna ve bilissel 
urtinleri tizerine odaklandiklan da gorilebilir. Bu noktada, ispatlamanin aym zamanda bir 6grenme aktivitesi 
oldugu dikkate alindiginda bu siirecin “bilgi olusturma’” penceresinden yorumlanabilecegi de diisiiniilebilir. Buna 
karsin literatiir incelendiginde yeni bir bilgiyi olusturma siirecini temel alan ispat ¢alismalarinin yetersiz sayida 
oldugu sonucuna ulasilabilir. Bu tarz calismalar sayesinde stirece dahil olan bilissel faktérlerin, duyussal 
faktdrler ile harmanlanarak derinlemesine analiz edilmesi ve ¢ok boyutlu bir bakis acisinin saglanmasi miimktin 
olabilir. Ayrica ispat stirecinin her asamasinin bireyler tarafindan nasil yapilandirildigi belirlenebilir ve yasanan 
giigliiklerin altinda yatan sebepler daha iyi yorumlanabilir. 


1.1. Teorik Cerceve 


Ispat becerisinden bagimsiz bir matematik diisiiniilemeyece3i gibi (Schoenfeld, 1994) tiim Srencilerin ispat 
stireclerinde aym siireglerden gecmeleri de beklenemez (Weber ve Alcock, 2004). Ogrenenlerin ispat ile ilgili 
bilgi diizeyleri ve diger 6n yasantilar farkli olacagindan kendi 6zgiin deneyimlerini ortaya koymalari beklenir. 
Bununla birlikte ispat siireci igin birer dayanak olusturan cesitli unsurlarin (hazirbulunusluk, stratejik bilgi, 
sezgisel anlayig vb.) bireyin zihnindeki kavram imajinin birer pargasi olduklar1 da sdylenebilir. Ciinkii 
kavramlar esnek bir sekilde kullanabilmek icin zengin bir imaja sahip olmak 6nemlidir. Dolayisi ile ispat 
aktivitelerinde basari saglanabilmesi i¢in bireyin s6z konusu kavram ile ilgili 6rnek olan veya olmayan durumlar, 
gercekler, dzellikler, iliskiler, sekiller ve gérseller gibi birgok seye sahip olmasi beklenir (Selden ve Selden, 
2007). Zengin bir kavram imajina sahip olmak ise bilgi olusturma strecinin dogru yapilandirilmasiyla 
mumktindtir. Bu stireci sosyo-kiiltiirel boyutlari ile inceleyen Hershkowitz, Schwarz ve Dreyfus (2001) bilginin 
insasini mikro-analitik diizeyde analiz edebilmek amaci ile baglamda soyutlama (AiC) teorik ¢atis1 kapsaminda 
RBC soyutlama teorisini ortaya koymuslardir. Bu baglamda, yeni bir bilginin olusum siirecinin sirasi ile 
“Tamma (R-)”, “Kullanma (B-)” ve “Olusturma (C-)” epsitemik eylemleri sayesinde miimktin oldugu 
soylenebilir. Soyutlama siirecinin ilk basamagini olusturan Tanima (R-), birey tarafindan daha 6nce olusturulan 
bir yapimin problem ¢ézme siirecinde fark edilmesidir (Tiirniiklii ve Ozcan, 2014). Diger yandan problemin 
gézumiint gercgeklestirmek igin 6nceden olusturulan matematiksel bir yapidan yararlamilmasi ise Kullanma (B-) 
eylemi ile aciklanmaktadir (Schwarz, Dreyfus, Hadas ve Hershkowitz, 2004). Siirecin son asamasi olan 
Olusturma (C-) ise 6nceki matematiksel yapilarin kismen degisime ugrayarak yeniden yapilandirilmasini ifade 
etmektedir (Bikner—Ahsbahs, 2004). Burada bahsedilen “yeniden yapilandirma” bir dikey matematiklestirme 
surecine isaret etmektedir. Bu nedenle, Olusturma (C-) eylemi sayesinde birey icin daha 6nce ulasilabilir 
olmayan “yeni” matematiksel bir yapinin kesfi miimkiin olabilir (Hershkowitz, Schwarz ve Dreyfus, 2001). 
Diger yandan, bu kesif stirecinde “6ngérilemeyen bir rastlantinin” aksine matematiksel diistinme siirecinde yer 
alan bazi temel mekanizmalarin 6nemli roller oynadigi yorumu da yapuilabilir (Liljedahl, 2004). “Aha! 
Deneyimi’’ ve Aydinlanma, bilgi olusturma stirecine eslik eden s6z konusu mekanizmalardandir. Aniden 
parildayan bir elektrik kivilcimi seklinde imgelestirilebilecek “Aha! Deneyimi” sayesinde 6grenenin zihninde 
hali hazirda yer alan bilgi yapilarinin uygun bir segilim ile bir araya geldigi ve bu sayede 6zgiin bir fikrin aniden 
ve kesin bigimde ortaya c¢ikmasina olanak saglandigi séylenebilir (Liljedahl, 2005). Ayrica s6z konusu bu yeni 
olusum sayesinde bireyin igerisinde bulundugu durumu daha iyi anlamlandirabildigi ve Rota (1997) tarafindan 
kullanilan anlami ile aydinlandigi yorumu da yapuilabilir. “Kanitlanacak ifadenin temelinde yatan baglantilara i¢ 
gorii saSlamak” biciminde tanimlanabilecek aydinlanma kavrami, matematiksel bir kavramin (ya da 6nermenin) 
salt formal gergekliginin dogrulanmasinin 6tesinde; bu kavramin (ya da 6nermenin) roliintin diger matematiksel 
bilgi yapilar baglaminda anlasilmasi olarak disiiniilebilir. Diger bir ifade ile matematiksel bir ifadenin, kendisini 
cevreleyen diger yapilar ile birlikte olusturdugu biitiiniin anlamliligi dletistinde aydinlatic: oldugu yorumu da 
yapilabilir. Ispatlama siirecindeki karmasik iligki a&1 dikkate alindiginda matematiksel bilginin yapilandirilmasi 
stirecinin, hem yeni bir bilginin olusumuna sebebiyet veren “Aha! Deneyimi’’ ile hem de bu siirece eslik eden 
“Aydinlanma” ile yakindan iliskili oldugu ¢ikarimi yapilabilir (Kidron ve Dreyfus, 2010). 


Bu asamaya kadar sunulan kavramsal cergeveyi de g6z Gntine alarak ispatlama siirecinde sezgisel ve 
mantiksal diisiinme arasindaki etkilesimi ve bu etkilesimden dogan bilginin yapilandirilmasi siirecini “baglamda 
soyutlama” teorik gergevesiyle inceleyen Kidron ve Dreyfus (2014), iki profesyonel matematikcinin (K ve L) 
ispat siireclerinin mikro-analitik analizleri sonucunda ispat imaj1 kavramina ulasmistir. Ispatlama siirecinde 
6nemli bir asama olarak tanimladiklari ispat imaji1 kavramini, ispatla ilgili cesitli bakis acilarindan sezgi 
(Fichbein, 1994), kavramsal anlayis (Sandefur, Mason, Stylianides ve Watson, 2013), semantik ispat olusturma 
(Weber ve Alcock, 2009), kavram imaji (Tall ve Vinner, 1981) cergeveleriyle karsilastirarak tanitmislar ve cift 
zincirli kavram imaji-kavram tanimi yapisim kullanarak da ispat imaji-formal ispat analojisini olusturmuslardir. 
Yaptiklan diger calismalardan (Kidron ve Dreyfus, 2009, 2010) edindikleri tecriibeleri de degerlendiren yazarlar 
ispat imajinin dogasim asagidaki gibi agiklamislardir: 


..Sezgisel temsillerin ve mantiksal diistinmenin tamamlayic1 dogasi, matematigin sezgisel ve 
formal yonleri arasinda Fischbein’in (1994) kastettigi anlamda erken seviyede bir senteze izin 
verir. Ispat imaji fikri béyle bir sentezin baslangicina cok uygundur, ciinkii o her ikisi de sezgisel 
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olabilecek segilen Gnceki yapilarm ve mantiksal baglantilarin bir karisimimi igerir (Kidron ve 
Dreyfus, 2014, s. 229). 


Buna gore bir iddianin neden dogru oldugunu anlamaya tesebbiis etmis olan bireyin bir ispat imajina sahip 
olabilecegini belirten yazarlar, iki bilesenin (Bilissel Anlayis ve Sezgisel Ikna) bireyde bulunmas: durumunda bu 
bireyin kesinlikle bir ispat imajina sahip oldugu vurgusunu yapmuislardir. ispat imajimi olugturan iki temel bilesen 
ve bunlarin alt boyutlari asagidaki Tablo 1’de yer almaktadir: 


Tablo 1. ispat imaji ve Bilesenleri 


ISPAT IMAJI (Kidron ve Dreyfus, 2014) 


Bilissel Anlayis (Cognitive Understanding) __ Sezgisel Ikna (Intuitive Conviction) 
Herhangi bir iddianin dogrulugunu géstermek amaci ile segilen | Ispat stirecinde bireye gergeklestirdigi 
onceki yapilar ve bu yapilari birbirine baglayan bilissel sezgiler | eylemlere iliskin sezgisel bir ikna saglayan ve 


temelinde asagidaki alt bilesenleri igeren biligsel boyuttur. bilissel anlayis ile karmasik bicimde 
B— Kisisel Olma (Being Personal) baglantili olan duyussal boyuttur. 
Imajin, bireyin kisisel ¢ikarimlarindan ve 
deneyimlerinden izler tasimasi ve bunlardan Bireyin anlayisii zenginlestiren 
beslenerek gelisim géstermesi. bilissel sezgiyi ve mantigi icerir. 


Bx Mantiksal baglar igerme (Including Logical Links) 
Secilen matematiksel yapilarin birbirinden yalitilmis 
bir gergeve yerine mantiksal baglar igerecek sekilde 
baglantili cergevede ele alinmasi. 


Bs— Dinamik Olma (Being Dynamic) 
Imajin sonraki formlarinin 6ncekileri igerecek sekilde 
basitten karmasiga dogru bir gelisim géstermesi. 


B4- Biitunliik (Giving Rise to an Entity) 
Imajin bir olusuma olanak saglayacak sekilde tek ve 
bir biitiin olarak gelisim géstermesi. 


1.2. Problem Durumu 


Ispat imaji teorik cergevesini ortaya koyan yazarlar, orijinal calismalarinda imajin bilesenlerini teorik bir 
temel baglaminda tanimlamis ve bunlarin gozlendigi iki ispat stirecine dair 6rnekleri paylasmislardir. Diger 
yandan, ispat imajmin olmadigi bir 6rnek durum incelenmemis ve dolayisi ile ispat imaji ile formal ispat 
arasindaki baglanti derinlestirilmemistir. Teorik ¢ergevedeki bu bosluktan hareketle bu ¢alismanm problemi 
“Sonsuz kiimeler baglaminda incelendiginde ispat imajinin olusumunda formal bilginin etkisi nedir?” seklinde 
belirlenmistir. Calismanin baglami ise Cantor Kiime Teorisi ve bu kapsamda ele alinan sonsuz ktimeler arasi 
denklik (esgti¢liiltik) iliskileri olarak tercih edilmistir. Ctinkti, tipki Kidron ve Dreyfus’un (2014) ispat imajmin 
gelisimine dair aciklamalarinda oldugu gibi literatiirdeki pek cok calisma (6r., Kolar ve CadeZ, 2012; Pala ve 
Narli, 2018a, 2018b; Tsamir, 1999) sonsuzluk kavraminin da sezgiselden formele dogru gittikce karmasiklasan 
diistinsel bir stireci igerdigine vurgu yapmaktadir. Gelisimsel stire¢ler arasindaki bu benzerlik dikkate alindiginda 
“sonsuzluk” kavraminin ispat imajini incelemek icin uygun bir baglam saglayabilecegi sdylenebilir. Bununla 
birlikte 6zellikle, ispat igin yeterli formal bilginin mevcut oldugu ve olmadigi durumlarda gerceklestirilen ispat 
stireclerinin, ispat imaji teorik cercevesi 1siginda incelenmesi sayesinde bu bilesenin sagladigi katkinin 
belirlenebileceSi diisiiniilmiistiir. Ozellikle ispat imajim1 igeren ve icermeyen durumlar arasindaki farkin 
netlestirilmesi sayesinde 6gretimsel uygulamalar icin 6neriler sunulabilir. Cinkti Selden ve Selden’in (2007) de 
belirttigi gibi ispat ve ispatlama ile ilgili gitigltiklerin farkinda olmak bile 6grencilere nasil yardimci olunacagi 
konusunda egitimcileri daha duyarli hale getirebilir. 


2. Yontem 


Bu béliimde calismanin deseni, katilimcilari, siireci, veri toplama araclar1 ve veri céziimleme teknikleri ile 
ilgili bilgiler sunulmustur. 


2.1. Arastirma Modeli 


Daha genis bir doktora tez calismasinin pargasi olan bu ¢alisma, betimsel tiirde nitel bir arastirmadir. Nitel 
arastirma “gézlem, gériigme ve doktiman analizi gibi nitel veri toplama tekniklerinin kullanildigi, algilarin ve 
olaylarin dogal ortamda gercekci ve biitiinciil bir bi¢imde ortaya konmasina yonelik nitel bir siirecin izlendigi 
arastirma” olarak tanimlanabilir (Yildirim ve Simsek, 2013, s. 39). Diger yandan betimsel arastirmalarda olaylar, 
objeler ve kavramlarin ne oldugu betimlenerek acgiklanir ve bu sayede degiskenler arasindaki iliskiler saptanmis 
olur (Kaptan, 1998). Arastirmada ispatlama siire¢lerinin derinlemesine ve cok boyutlu incelenmesi nedeniyle 
nitel analiz yOntemlerinden durum gcalismasi (case study) deseni tercih edilmistir. Bu yaklasimda bir veya birka¢ 
duruma iliskin etkenler biitiinctil bir yaklasimla arastirilir ve ilgili durumu nasil etkiledikleri ve ilgili durumdan 
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nasil etkilendikleri tizerine derinlemesine arastirma yapilir (Yildirim ve Simsek, 2013). S6nmez ve Alacapinar’a 
(2011) gére karmasik, 6zel ve ilging bir olgunun, durumun kendi kosullari igerisinde incelenmesi durum 
cgalismasi niteligi tastmaktadir. Bu yéntemde bilinmeyen bir gergek kesfedilebilir ya da bir durum detayli bir 
sekilde tanimlanabilir. 


2.2. Calisma Grubu 


Arastirmanin galigsma grubu bir devlet tiniversitesinde 2. sinifa devam eden ilkégretim matematik 6gretmen 
adaylari arasindan G6lciit 6rnekleme y6ntemi ile secilen 3 6gretmen adayidir. Bu sinif diizeyi, Cantor Kiime 
Teorisi ve 6zellikle esgiicliiliik ile ilgili temel bilgileri yogun bicgimde icgermesi sebebiyle tercih edilmistir. 
Calisma, bir durumu ¢ok boyutlu ve derinlemesine incelemeyi amagladigindan katilimci sayisi sinirl 
tutulmustur. Olgiit Grnekleme ise problemle ilgili olarak belirlenen niteliklere sahip 63retmen adaylarinin 
secilmesine olanak saglamasi sebebiyle tercih edilmistir. Bu érnekleme y6ntemindeki temel anlayis, 6nceden 
belirlenmis bir dizi 6l¢iiti karsilayan biitiin durumlarin calisilmasidir. Bu noktada calismaya dahil olan 
katilimcilar icin belirlenen 6lciit listesi asagida sunulmustur: 


¢ Disiincelerini s6zlti veya sézsiiz olarak ifade etmede gii¢liik yasamamak 
¢ Soyut matematik dersindeki akademik basar1 
¢ Arastirmaya katilmak igin géniilli olmak 


Ispat imaji cercevesi sosyo-kiiltiirel soyutlama fikrine dayandigindan g¢alismaya katilan bireylerin 
diistincelerini organize ederek karsi tarafa aktarma becerileri dikkate alinmistir. Yapilan 5 haftalik ders ici 
gézlemler sayesinde s6zlii ve sézstiz dili etkili olarak kullanabilen bireyler belirlenmistir. Ayrica katilimcilarin 
kendilerine sunulan ispatlari gerceklestirebilmeleri igin “sembolik mantik, ktimeler, bagintilar ve fonksiyonlar” 
gibi 6n 6grenmeleri igeren soyut matematik dersine iliskin hazirbulunusluklarinin tam olmasi1 beklenmistir. 
Ctinktii Georg Cantor tarafindan ortaya konan Kiime Teorisi esgiicliiliik, sonsuz kiimeler, sayilabilirlik gibi 
kavramlar icerisinde barindirmaktadir. Bu noktada katilimcilarin 1. simf diizeyindeki akademik basarilar 
dikkate alinmistir. Son olarak ilk iki Glctitii saglayan ve géniillii olan bireyler icerisinden uzman goriisii 
dogrultusunda katilimci bireyler secilmistir. Bu 6gretmen adaylar1 ¢, F ve N olarak isimlendirilmislerdir. 
Katilimcilar galisma 6ncesinde ispat temelli derslerden 1. sinif diizeyinde Genel Matematik ve Soyut Matematik 
derslerini tamamlamis ve calismanin ger¢eklestirildigi zaman diliminde Secmeli I Mantik ve Lineer Cebir I 
derslerini almaya devam etmislerdir. 


2.3. Siirec, Veri Toplama ve Céziimleme 


Calismaya baslamadan Gnce, ilk olarak gereken etik izinler ilgili tiniversiteye bagli enstitiintin etik 
kurulundan alinmistir. Ardindan veri toplama sirecine gecilmistir. Bu siirecte cesitleme (triangulation) 
tekniginden yararlanilmistir. Biyiikéztiirk, Kuilic-Cakmak, Akgiin, Karadeniz ve Demirel’e gére (2013) 
cesitleme; bir arastirmada tek bir y6ntem yerine birbirini destekleyen, birbirine entegre olan iki ya da daha cok 
yontemin birlikte kullanilmasin saglayan ve béylece yéntemde zenginlestirmeyi amaclayan bir uygulamadir. 
Katilimcilarin belirlenmesinin ardindan sonsuz ktimelerin denkligine iliskin diistinme bicimlerinin ve 
formal/sezgisel yaklasimlarimnin belirlenebilmesi igin etkinlik temelli mtilakat calismalarina (Uygulama I-II-III ve 
IV) gegilmistir. Uygulama siirecinde pilot uygulamalar harig¢ her bir katilimci ile 4 defa bireysel ve 1 defa da 
sosyo-kiilttirel etkilesim ortaminda grupca olmak iizere toplam 13 ispat etkinligi gerceklestirilmistir. Diger 
yandan bu calismada, formal bilginin ispat imajinin insasindaki roltine odaklanildigindan paylasilan veriler ilk 
iki uygulama (Uygulama I ve Uygulama IJ) ile simirlandinlmistir. Her iki uygulamada da 6gretmen adaylarina 
asagidaki soru yoneltilmis ve onlardan bunu ispatlamalari istenmistir: 


“Her sonsuz ktime birbirine denk midir? Eger boyle olmadigini diistintiyorsaniz birbirlerine denk olmadigini 
diistindiigiiniiz iki sonsuz kiime Ornegi veriniz. “ 


Bu soru hem esgiicliiliik kavramina dair temel iliskileri gok boyutlu olarak igermesi hem de katilimeilarin 
sezgisel yaklasimlarim1 kullanmalarina uygun olmasi nedeni ile iki alan uzmaninin gorisleri dogrultusunda tercih 
edilmistir. Etkinlik temelli milakatta ele alinan ispat sorulari tist diizey bilissel becerileri igerdigi ve uzun yamitli 
oldugu icin soru sayisi sinirli tutulmustur. Uygulamalar, Cantor Kime Teorisi ile ilgili konular igeren Mantik 
dersine paralel olarak yiiriitiilmiis ve buna bagli olarak belirli zaman araliklarinda gerceklestirilmistir. [lk 
uygulama haricinde tiim uygulamalar éncesinde katilimcilara gerekli olan 6n bilgiler 6gretim tiyesi tarafindan 
ders icgerisinde sunulmustur. Bununla birlikte, ilk uygulamada ise katilimcilarin yeterli 6n bilgiye sahip 
olmadiklar1 durumlarda gsekillendirecekleri ispat yaklasimlarina odaklanildigindan herhangi bir 6n_ bilgi 
sunulmamistir. Ayrica katilimcilar uygulamalarda kendilerine yéneltilen sorular ile daha 6nce karsilasmamistir. 
Birinci uygulamanin hemen ardindan 6gretmen adaylarina Cantor Ktime Teorisi’nin temel felsefesine iliskin ilk 
ders sunulmustur. Bu derste onlarin esgiicliiliik kavramina iliskin temel bilgileri edinmeleri saglanmis ve iki 
sonsuz kiimenin denkliginin aralarinda tanimlanabilecek bijektif fonksiyonlar ile asagidaki tanim dogrultusunda 
gésterilebilecegi agiklanarak 6rneklendirilmistir: 
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A~Bo{f|f: A B,bijektif}#@ (Giiney ve Ozkog, 2015, s. 418) 


Ayrica bu asamanin hemen devaminda (ilk uygulamanin ertesi gtinti) ayni sorunun tekrar ispatlanmasi 
istenmistir. B6ylece formal bilgi 6ncesi ve formal bilgi sonrasi bilgi yapilarmin / ispat imajlarmin ve ispat 
yaklasimlarinin karsilastirilabilmesi saglanmistir. Tiim bu uygulamalarda sorularin cevaplanmasinda herhangi 
bir kisitlama getirilmeyerek cevaplama serbestligi saglanmaya galisilmistir. Katilimcilardan her asamada 
diistincelerini sesli bir sekilde acgiklayarak ispati yapmalari istenmistir. Gerceklestirilen tiim siire¢ iki fark 
acidan kamera ile kayit altina alinmistir. Bu kameralardan biri katilimcinin kagidina odaklanmisken digeri ise his 
ve sezgilerini daha iyi analiz edebilmek icin yiziine odaklanmistir. Diger yandan her bir ispatin 
tamamlanmasinin ardindan katilimcilar ile ispat imajinin bilesenlerini degerlendirmeye yonelik yari- 
yapilandinImis gortismeler yapilmistir. Bu ydntemde arastirmaci hazirlamis oldugu gériisme formundaki 
sorularin yani sira ek sorular sorarak derinlemesine bilgi edinebilir. Bu sayede goriistilen kisinin yanitlarina baghi 
olarak gériisme siireci kesiflere agik hale gelebilir. Calismada kullanilan gértisme formunda yer alan sorular iki 
alan uzmanin gorisleri dogrultusunda belirlenmis ve bunlarin gecerliligi uygulama Gncesinde yapilan bir pilot 
calisma sayesinde teyit edilmistir. Buna ek olarak, dzellikle ispat imajinin his boyutunun degerlendirilmesinde 
katilimcilarin kendilerinden destek alinmistir. Clore (1992) his kavramini bedensel, bilissel veya duyussal 
durumlardan bu durumlarla ilgili kullanilabilir bir geri bildirim veya bilgi saglayan tiim “icsel” isaretler olarak 
tanimlamaktadir. Bu calismanin duyussal analizlerinde Clore’un (1992) bu tanimi referans alinmistir. Dolayisi 
ile hislerin i¢sel birer bilesen oldugu dikkate alindiginda disaridan degerlendirilmesinin olduk¢a gti¢ oldugu ve 
bu nedenle katilimcilarin hislerinin (Grnegin: kusku, siiphe, mutluluk, kaygi vb.) kendileri tarafindan 
degerlendirilmesinin daha nesnel olacag: disiintilmtistiir. Uygulamalar boyunca her bir ispatin tamamlanmasinin 
ardindan, katilimcilara “yiizlerini kaydeden video kaydi” verilmis ve onlardan his gizelgelerini doldurarak 
arastirmaciya en kisa stire igerisinde teslim etmeleri istenmistir. Bu ¢izelge hangi ispat stirecindeki hangi olayin, 
hangi his ile eslestigini agiklamalari beklenen bir tablodur. Ayrica uygulamalar baslamadan énce his kavramimin 
tanimi ve bu ¢izelgenin nasil doldurulmasi ile ilgili 6n bilgiler de katilimcilara sunulmustur. Tiim bu tedbirler 
sayesinde ispat siireclerinin bilissel ve duyussal boyutlar ile ispat imajlari agisindan derinlemesine analiz 
edilebilmesine olanak saglayacak verilerin toplanabilecegi diisiiniilmistiir. 


Verilerin toplanmasinin ardindan géziimleme islemine gecilmistir. Transkripsiyon islemi ile analiz siireci 
birlikte yiiriitiilmtis ve bu asamada 6gretmen adaylarinin ispatlarinda gerceklestirdikleri eylemlerin Kidron ve 
Dreyfus (2014) tarafindan énerilen (bilissel ve duyussal) basliklara ait kategorilere gére siniflanmasinda betimsel 
analiz yéntemi kullamlmuistir. Yildirrm ve Simsek’e (2013) gére betimsel analizde, veriler Gnceden belirlenen 
temalara gére 6zetlenerek yorumlanir ve daha sonra neden-sonug¢ iliskileri irdelenerek birtakim sonuclara 
ulasilir. Analiz stirecinde ilk olarak her bir ispat kendi igerisinde ayri ayri incelenmesinin ardindan farkh 
ispatlarin biitiinciil olarak karsilastirilmasi saglanmistir. Yapilan kodlama isleminin giivenilir olmasi igin (her 
ispatin sonunda) alan uzmanindan gortis alinmis ve bu dogrultuda gerekli diizeltmeler yapilmistir. Analizler 
tamamlandiginda katilimcilardan F’nin her iki uygulamada da ispat imajina sahip olmadigi, N’nin her iki 
uygulamada da ispat imajina sahip oldugu ve (’nin ise ilk uygulamada bir ispat imajina sahip olmamasina 
ragSmen ikinci uygulamada (formal bilgiye sahip oldugu durumda) buna sahip oldugu belirlenmistir. Bu 
galismanin amaci dogrultusunda formal bilginin ispat imajmin olusumuna etkisine odaklanilacagindan 
paylasilacak veriler ’nin olayi ile smnirli tutulacaktrr. 


3. Bulgular 


Bu béliimde C’nin birinci ve ikinci uygulamadaki ispat stireglerinin analizlerinden elde edilen veriler 
paylasilmistir. Bu asamada Gncelikle ispat stireglerinden bahsedilmis ve devaminda ise bu ispatlarin ispat 
imajimin bilesenlerine gére incelenmesi sonucunda elde edilen bulgulara yer verilmistir. [spat imajinin bilissel 
boyutunun i¢gerdigi alt basliklarin degerlendirilmesinde bireyin sezgilerinden, sdylemlerinden, eylemlerinden, 
tavirlarindan ve diger tiim epistemik eylemlerinden yararlanilmistir. imajin sezgisel ikna boyutu ve 6zellikle bu 
kapsamdaki hisler ise Clore’un (1992) yaklasimi dogrultusunda ele alimmiustir. Bu noktada yapilan 
degerlendirmelerde Gncelikle gériisme verilerinden ve his ¢izelgelerine verilen yanitlardan yararlanilmistir. 
Ayrica bazi durumlarda bireylerin ifadeleri ve mimikleri de birlikte degerlendirilerek his boyutu 
detaylandirilmistir. 


3.1. Uygulama I - C’nin ispat Siireci 


C, ispat siirecinin basinda soruyu okumasinin ardindan ilk olarak sonsuzluk kavrami ve sonsuz kiimeler 
lizerine disiinmeye basladi. Bir siire sessiz kaldiktan sonra sonsuz kiimeyi “elemanlari sonsuz olan kiime” 
seklinde tanimladi. Tam sayilar (Z), rasyonel sayilar (Q) ve reel sayilar (R) kiimelerinin buna uygun oldugunu 
belirtti. Ardindan, sorulan bu genel soruyu 6zel bir 6rnek durumuna indirgeyerek “Yani tam sayilar ile rasyonel 
sayilar... Ikisi de sonsuz kiime. Bunlar birbirine denk midir? ” sorusunu kendisine yéneltti. Bu asamada 
“denklik” kavrami tizerine dtistinmeye basladi. Denk ktimeleri “elemanlari esit olan kiimeler” seklinde tanimladi 
ve diistinceli tavirlar igerisinde asagidaki ifadeleri yazdi: 
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Rosuone | say! br kemesinin Clemanlart tam autre 


biimesinin Clemmlarindn facta Olabilir 
Sekil 1. C’nin Z ve Q kiimelerine iliskin ilk diistincesi 


Kendisine béyle bir gikarima nasil ulastigi soruldugunda “Her tamsayi bir rasyonel sayidir, ancak tersi 
dogru olmayabilir.” acgiklamasim yapti. Bununla birlikte neden kesin bir yargi belirtmek yerine “olabilir” 
ifadesini kullandigi soruldugunda ise “Sonsuz ktimelerin eleman sayilarint sayamiyoruz. Ama ilk bakista 
rasyonel sayilar kiimesinin elemanlari daha fazla gériiniiyor.” cevabim verdi. Bu noktada yasadigi ikilemin 
temel sebebini asagidaki gibi 6zetledi: 


ilk aklima gelen rasyonel sayilarin elemanlarinin daha fazla oldugu... Ama ikisi de sonsuz kiime oldusu 
igin elemanlarini sayamayiz bence. Bir sonsuzun digerinden biyiik oldugunu séyleyemem. Sonsuzlar 
arasinda karsilastrma yapmamam ki... Ama ikisinde de sonsuz tane elaman oldugu igin bunlar denktir 
herhdalde. 


Bu noktada, tizerine diisiindiigii ktimelerin kendisini bir ¢ikmaza soktugunu fark ederek reel sayilari (R) da 
diistinme siirecine dahil etmeye karar verdi. Ancak benzer bir problemin tekrarlandigini fark ettiginden bu 
gikmazi da asmayi basaramadi. Bu noktada birbirini kapsayan kiimelere dair 6rneklerin kafa karisikligi 
olusturdugunu ve kendisine bir sey kazandirmadigini ifade etti. Sonrasinda bir siire daha diistindii ve kiimeler 
uzerindeki iliskileri yorumlayabilecegi asagidaki gérsel modeli (say1 dogrusu) olusturmaya karar verdi: 

an, a7 Q 


a. he so 2 


Sekil 2. C’nin odaklandig1 kiimeler ve bunlar arasindaki iliskileri ifade eden ¢izimi 


Bu model tizerinde 6zellikle tam sayilarin aralarinda bulunan bosluklara odaklandi. Bir siire sonra saskin ve 
mutlu bir ifade ile “gergel sayilar ile rasyonel sayilarin her ikisinin de sayi dogrusunu kapladigini” ifade etti ve 
bu nedenle bunlarin denk olabilecegini belirtti. Bununla birlikte bu asamada, tam sayilar kiimesinin (elemanlan 
arasinda bosluk igermesi sebebi ile) bu ktimelere denk olamayacagi sonucuna ulasti. Diger yandan genel bir 
sonuca ulasmak icin bu iki 6rnegi yeterli bulmadi ve benzer iliskiyi farkli sonsuz kiimeler acgisindan tekrar 
sorgulamaya karar verdi. Bu asamada aklina gelen ilk kiimeler tek sayilar ve cift sayilar oldu. Benzer sekilde, bu 
kiimeleri de bir say1 dogrusu (bkz. Sekil 3) tizerinde gésterdi ve ardisik elemanlar arasindaki iliskiyi dikkate 
alarak bunlarin da denk olmasi gerektigine karar verdi. 


-—_%_4+_#_,»_ #3 


Sekil 3. C’nin tek ve cift sayilarin denkligini gdésteren ¢izimi 


Diger yandan, mevcut asamaya kadar vermis oldugu 6rnekler sayesinde sonsuz kiimelerin denkligi hakkinda 
kendisini ikna ettigini belirtmesine karsin tzgtin bir tavir ile “denk olmama” durumu icin kesin bir sonuca 
ulasamadigini sdyledi. Tam sayilar (Z) ve rasyonel sayilar (Q) igin olusturdugu seklin kendisini yaniltryor 
olabilecegini belirterek asagidaki agiklamayi yapti: 


Gorsel tizerinden bakinca bunlarin (tek ve ¢ift sayilari kastediyor) birbirine esit oldugunu diisiiniiyorum. 
Ama tam sayilar ile rasyonel sayilarin esit olmadigini diistinittyorum. (Kararsiz bir ses tonu ile) Sekil 
bence beni aldatryor. Ciinkii s6zel olarak ifade ettigimizde sonsuz eleman sonsuz elemana esittir. 


Aciklamanin devaminda bir stire daha sessiz kaldi ve 6zellikle ilk cizdigi say: dogrusuna odaklanarak 
diistinmeye devam etti. Bir siire sonra, say1 dogrusundaki tam sayilar arasinda kalan bosluklan kaleminin ucu ile 
tekrar isaret ederek asagidaki acgiklamayi yapti: 


Rasyonel sayilarin icginde, tam sayi olmayan sonsuz eleman var. Biz bunlari rasyonel sayilardan 
cikardigimizda geriye sadece tam sayilar kalir. Bu, sonsuzdan sonsuzu ¢ikarmaktir ve belirsizlik olusur. 
2 
Bu asamada 00 —0O=00 sorusuna bir yanit bulma cabasina giristi ancak birka¢ basit denemenin ardindan 
pes etti. Ispata devam edememesinin gerekcesi olarak ézellikle “0o—0o” durumunun matematiksel anlami 
tizerine (bunun neden bir belirsizlik oldugu hakkinda) hig diisiinmemis olmasini gésterdi. Dolayisi ile ispata 
devam edebilecek yeterli bilgisi olmadigini sdyledi ve asagidaki ifadeleri yazarak bu stirece bir son verdi. 
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2 
Sekil 4. C’nin Z ve Q kiimeleri baglaminda belirledigi 00 — 00 =©0 belirsizlik durumu 


3.2. Uygulama I - C’nin ispat imajinin Bilesenlere Gore Degerlendirilmesi 


ilk uygulama 6ncesi katilimcilara Cantor tarafindan Onerilen esgiicliiliik kavrami hakkinda herhangi bir 6n 
bilgi sunulmamis ve onlarin yetersiz hazirbulunusluk durumunda bir ispat imaji olusturup 
olusturamayacaklarinin incelenmesi hedeflenmistir. Diger yandan yapilan analizler sonucunda (’nin bu 
uygulamada bir ispat imajina sahip olmadigi belirlenmistir. Alt bilesenler baglaminda elde edilen sonuclar 
asagida sunulmustur. 


3.2.1. B;— Kisisel Olma 


Ispat siireci incelendiginde bu siirecin, C’nin zihnindeki Szgiin bir diisiinme bicimi dogrultusunda gelisim 
gésterdigi yorumu yapilabilir. Diger biri ifade ile 0, herhangi bir dis kaynaktan (6gretmen, kitap vb.) edindigi 
yaklasimi dogrudan taklit etmek yerine kendi bireysel fikirleri dogrultusunda ispatlama girisiminde bulunmustur. 
Ispatin her bir agamasinda ortaya atti: iddialarin dogruluguna iliskin kendi argiimanlarini olusturmaya 
caligsmistir. Dolayisi ile ortaya ¢ikan tiriintin, C’nin kendi bilissel cabalarinin bir sonucu olarak insa edildigi ve 
bu nedenle onun imajinin kisisel anlayis karakteristigine sahip oldugu sonucuna ulasilabilir. Ayrica yapilan 
goriismede benzer bir ispati daha 6nce gérmedigini acikca ifade etmesi de bu karakteristige dair géstergelerden 
biri olarak degerlendirilebilir. 


C, anlayisim olustururken, “her sonsuz kiime” icin yéneltilen genel bir sorunun 6zel 6rnekleri tizerinde 
diistinerek kapsamli bir cikarima ulasmaya cabalamistir. Bu nedenle olusturulan érneklerin, onun anlayisinin 
sekillenmesinde 6nemli katkis1 oldugu sdylenebilir. S6z konusu G6rnekler sayesinde (€, cesitli denemeler 
yapabilmis ve béylece bazi sonsuz kiimelerin denk olabilecegini belirlemistir. Buna karsin, biiyiik oranda bilgi 
diizeyinden kaynaklanan yetersizlikler nedeni ile bazi sorulara yanit verememis ya da sezgisel yanitlar igeren 
ylizeysel agiklamalar getirebilmistir. Bu nedenle, bir anlayis gelistirebilmesine raSmen bunu derinlestirmede 
zorluklar yasadigi ve cikmaza giren ispatini bir sonuca tasryamadigi yorumu da yapilabilir. 


3.2.2. Bx Mantiksal Baglar Icerme 


Ispat siireci incelendiginde ¢’nin genel olarak formal matematigin kendisi ile baslamayan ve informel 
bilesenlerden yola ¢ikan bir ispatlama aktivitesi gerceklestirdigi sdylenebilir. Bu siire¢te 0, kisisel anlayisi 
dogrultusunda pek cok matematiksel yapry1 tantyarak (R-) segmis ve bunlari ispat stirecinde ilerleyebilmek igin 
pek cok noktada kullanmistir (B-). Bu karakteristige ispat igerisinde pek ¢gok farkl noktada rastlanmaktadir. 
Ornegin C’nin tam sayilar kiimesinin elamanlari ile rasyonel sayilar kiimesinin elemanlari arasinda kurdugu alt 
ktime iliskisi bu karakteristige bir 6rnek olarak yorumlanabilir. Diger yandan Cantor Kiime Teorisi’ne iliskin 
bilgi diizeyine iliskin yetersizlikten dolay1 beklenen formal iliskilerin pek cok noktada kuramadi§1 belirlenmistir. 
¢, sonlu kiimeler igin gecerli olan “eleman sayilari esit olan ktimeler denktir” tanimindan 6teye geg¢ememis ve 
Cantor tarafindan Gnerilen birebir-drten (bijektif) esleme fikrini kullanamamistir. Dahasi stirecler i¢erisinde 
sonsuzluk kavramini temel alan pek cok hatali ve yetersiz iliskinin varli3indan da s6z edilebilir. Ornegin C’nin 
ispatinin son asamasinda ortaya ¢ikan “oo — oo” durumunu denklik baglaminda anlamlandiramamas: bunlardan 
biri olarak gésterilebilir. Buna ek olarak onun kurdugu iliskilerde formal dtistinme bicgimi kadar sezgilerinin de 
etkisi altrnda kaldigi da sdylenebilir. Ornegin, rasyonel sayilar ile tam sayilar kiimelerini karsilastimrken tam 
sayilar arasindaki bosluklar1 dikkate alarak bu iki ktiimenin denk olamayacagin ifade etmesi, sezgisel 
yaklasimlara dair 6rnekler arasinda degerlendirilebilir. Ayrica, C’nin sezgilerini dogrulayabilecek ya da 
yanlislayabilecek yeterli matematiksel bilgiye sahip olmamasinin onu ispat stireci igerisinde bir g¢ikmaza dogru 
stirtikledigi de sdylenebilir. Ornegin 0, gérsel sezgilerini dikkate aldi3inda tek ve cift sayilari “denk” sonsuz 
ktimeler olarak nitelendirmesine ragmen rasyonel sayilar ve tam sayilar ise “denk olmayan” sonsuz kiimeler 
olarak nitelendirmistir. Bu nedenle onun “Her sonsuz ktime denktir.” bigimindeki sezgisinin bazen gii¢lenip 
bazen de zayiflayarak kararsiz bir dalgalanma gésterdigi yorumu yapilabilir. Bu durum, onun ispatlama 
aktivitesini bir sonuca ulastiramamasinin 6nemli bir sebebi olarak degerlendirilebilir. 


3.2.3. B3-Dinamik Olma 


C, ispat siirecinde her sonsuz kiimenin denk olmasi gerektigine dair bir sezgiyi benimsemis ve bunun 
dogrulugunu farkli 6rnekler (tek sayilar-¢ift sayilar, rasyonel sayilar-tam sayilar) tizerinde test etmistir. Bu 
noktada onun, ispatin’ daha az sayida bilesen (temel kavramlar, temel aksiyomlar vb.) iceren basit bir 
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baglantilardan daha cok sayida bileseni igeren (iliski aglari, hisler vb.) karmasik bir diizeye tasiyabildigi 
goériilmiisttir. Ancak ihtiyag duydugu noktalan acgiklayabilecek yeterli formal bilgi diizeyine sahip olmamasi, 
onu sezgisel varsayimlarin y6nlendirmesine iten bir ispat siirecine dogru strtiklemistir. Diger bir ifade ile 
matematiksel bilgiler arasinda olmasi beklenen” gerek¢elendirme” boyutu beklenen diizeye ulasamamistir. Bu 
ise ispat stirecinin asamalar arasindaki hiyerarsik baglantilan zayiflatmis ve kapsamli bir ispat yoénteminin 
olusmasini engellemistir. Dolayisi ile (’nin kismen tutarli baglantilar igeren ve ayrik yapilar tarafindan olusan 
statik bir imaj elde ettigi séylenebilir. [spat siirecinin sonundaki gériismede yapmus oldugu “Celiski bulmak igin 
gittim ama olmadi. Bazen aklim baska noktalarda da gitti ama bir sonug bulamadim.” aciklamasi onun 
surecinde sarmal (dinamik) bir gelisim yerine farkli kollara ayrilan —parcali— bir ispat stireci deneyimlediginin 
gdéstergesi olarak degerlendirilebilir. 


3.2.4. Bs—Biitiinliik 


C’nin ispat stirecinde tam bir dinamik gelisim olmamasi nedeni ile imajin bir biitiinliik tasimadigi ve bu 
nedenle biitiinciil bir imaja sahip olamadigi sdylenebilir. Dahasi, onun birbirinden ayri imaj pargalarma sahip 
oldugu yorumu da yapilabilir. Bu parcgal: imaj nedeni ile C’nin ispat stirecinde ger¢eklestirdigi asamalan bir 
biitiin olarak zihninde tasryamadigi ve 6nceki asamalarda ulastigi sonuclari birlikte kullanmasi gerektigi 
noktalarda ¢eliskiler yagadigi yorumu da yapilabilir. Ornegin 0, gerceklestirdigi eylemlerin sonucunda tek sayilar 
ile cift sayilarin birbirine denk olabilecegini (say1 dogrusu tizerinde) gérmtis ancak tam sayilar ve rasyonel 
sayilar acisindan kesin bir yargiya ulasamamistir. Dahasi sonsuz kiimelerin denkligi agisindan biri “alt kiime 
iliskisine” dayanan ve digeri de “sonsuzlugun tek olabilecegi sezgisine” dayanan iki farkli yorum getirmis ve 
bunlardan herhangi birini yanlislayabilen delillere ulasamadigindan stirece son vermeyi tercih etmistir. Bu 
baglamda Gzellikle ispat stirecinin bir sonuca ulasamamasi ve “tamamlanmamis” olarak birakilmasi bu 
karakteristigin eksikligine dair Gnemli géstergeler arasinda degerlendirilmistir. Bununla birlikte s6z konusu 
karakteristigin eksikliginin, C’nin olayinda ilham verici anlari (iggérti ve aydinlanma) deneyimleyememesinin 
6nemli bir sebebi oldugu sdylenebilir. Cinkti bu karakteristigin eksikligi sebebi ile ilham verici anlarimin 
olusumuna olanak saglayan; “stirece kapsamli bir bakis”, “6nceki asamalarla baglantilar kurmak” ve “sonraki 
asamalari 6n gorebilmek” gibi temel bilesenler saglanamamistir. 


3.2.5. Sezgisel Ikna 

C’nin ispat stirecinde yasadigi bilissel dalgalanmaya bagli olarak farki duyussal deneyimler yasadigi 
soylenebilir. Onun 6zellikle baslangi¢ta sonsuz kiimelerin denk olmasi gerektigine dair bir sezgiyi benimsedigi 
ancak stireg igerisinde bunu sorguladigi noktalarda istedigi sonu¢lara ulasamadigi icin kendisini ikna edemedigi 
sonucuna ulasilabilir. Bununla birlikte diistincelerini dogrulamaya ¢alistigi noktalarda yer yer olumlu his 
deneyimleri yasadig1 hem yapilan gériismedeki acgiklamalarinda hem de his cizelgesi tizerine aldigi notlarda 
goriilebilmektedir. OrneSin cizdiZi say: dogrusu iizerinde “tek ve cift sayilarin denk olmasi gerektigini” 
gordiigtinde hem do$ru iz iisttinde oldugunu hem de kiimelerin denkligine dair sezgisinde hakli oldugunu ifade 
etmistir. Bununla birlikte benzer sekil tizerinde tam sayilar ile rasyonel sayilari kiyasladiginda (iki tam say1 
arasinda sonsuz rasyonel say1 oldugunu dikkate alarak) bu kiimelerin denk olmamasi gerektigini fark etmis ve bu 
durumun “‘sonsuz kiimeler denktir” sezgisi ile gelistigini gérerek “stiphe hissine” kapildigini his cizelgesine not 
etmistir. Diger yandan yasadig1 ¢eliskiyi ¢éztimleyebilecek yeterli bilgiye sahip olmadigini ifade ederek ispat 
stirecini sonlandirmistir. 


3.3. Uygulama II — C’nin ispat Siireci 


C, ikinci uygulamanin basinda soruyu tebessiim ile okudu ve ardindan uygulamadan hemen 6nceki derste 
6grendiklerini asagidaki gibi ifade etti: 


Denklik, eleman sayilarinin esit olmastydi ama eger iki ktime arasinda birebir-6rten bir fonksiyon varsa 
birbirine denk olmus oluyor. Derste bununla ilgili 6rmekler verdik. 


Bu noktada sonlu kiimeler igin gecerli olan denklik tanmmmin ( A = B <> s(A) = s(B) ) sonsuz kiimeler icgin 
uygulanabilir olmadigin1 ifade ederek derste gérmiis oldugu bijektif eslemelerden asagidaki gibi 6rnekler verdi: 


INWZ 


Sekil 5. C’nin derste gérmtis oldugu P ~ N ve N ~ Z icin olusturdugu 6rnek eslemeler 
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Bu 6rneklerin ardindan soruya tekrar odaklandi ve vermis oldugu 6rneklerin “her sonsuz kiime” icin yeterli 
bir yanit olusturmadigini fark ederek “bilmedigim sonsuz kiimeler de olabilir ve onlar birbirine denk 
olmayabilir’ acgiklamasinda bulundu. Dahasi, uygun bir 6mek bulabildigi takdirde soruya cevap verebilecegini 
sdyleyerek bir 6nceki uygulamada kesin bir yanit bulamadigi Q~R sorusu iizerine tekrar diisiinmeye basladu. 
ilk olarak, bir énceki uygulamadaki yaklasimumi “/kisini de say: dogrusu tizerinde gésterdim. Bir esleme yaptim. 
Eleman sayilart esittir dedim.” seklinde 6zetledi ve bu defa bijektif bir eslemeye odaklanacagim ifade etti. Iki 
kiime arasinda bazi fonksiyonlar (f(x)=x ve f(x)=x? gibi) olusturmay: denese de bunlarin bijektif olma kosullarin1 
saglamadigini dikkate alarak denklik hakkinda kesin bir yargi belirtmekten kagindi. Bu noktada, sectigi ktimeler 


iizerinde diisiinmekte zorlandigini belirterek 6rnegini degistirdi. Bir sonraki asamada Q~Zsorusuna yanit 
aramaya karar verdi. Ilk olarak rasyonel sayilar ile tam sayilarin elemanlari tizerine diisiindii ve kesirli bir 
fonksiyon yazmasi gerektigini ifade ederek “f: Q>Z, f(x) = ~” eslemesini tanimladi. Bu noktada, kisa bir stire 
diistindtikten sonra bunun ge¢erli bir fonksiyon olamayacagim sdyledi. Bunun nedeni soruldugunda “Mesela 
* ‘yi almis olsam 2’ye gidecek. Ama ; almis olsam ‘ye gidecek ve o da rasyonel.” cevabim verdi. Rasyonel 


sayilar ile tam sayilar arasindaki kiyaslama igin “rasyonel sayilarda daha gok eleman varmis gibi geliyor” 
aciklamasini yapti. Sonrasinda bir stire sessiz kalarak ispatin basindan itibaren vermis oldugu 6rnekleri sirasiyla 
inceledi ve “alt ktime” iliskisinin ktimelerin denkligi agisindan bir sorun yaratmadigim belirledi. Bu asamada 
(G6nceki uygulamada oldugu gibi) sekil ¢izmenin ise yarayabilecegini umarak asagidaki sayi dogrusunu cizdi ve 
ardindan altta sunulan aciklamayi yapti: 


-» ~! Oo & 2 


Sekil 6. C’nin Q ve Z kiimeleri tizerine diisiinmek icin olusturdugu say dogrusu 


(I¢ gekerek) Ama... Rasyonel sayilar sonsuz tane. Buradaki (—2 ile —/ arasindaki bir noktay: kastedivor) 
bir sayty1 buna (—2 sayisini kastediyor) esledim diyelim. Baska birini de bunla (—/ sayisini kastediyor) 
esledim. Diyorum ki aradaki sayilar (—2 ile —/ arasindaki diger rasyonel sayilar) kaliyor. Onu esleyecek 
tam say1 bulamayabiliriz. Sekle baktigimiz zaman... 


Devaminda, sekil cizme yaklasimim derinlestirerek iki kiime arasinda tanimlanabilecek bir fonksiyon 
grafiginin nasil olabilecegi tizerinde disiinmeye basladi. Bir koordinat ekseni olustururken sesli bigimde 
diistindii ve altta sunulan aciklamalari yapti: 


(2? 
6\ 


d 


Sekil 7. C’nin Q ve Z kiimeleri arasinda tanimlanabilecek bir fonksiyon icin olusturdugu grafik 


Burada (x— ekseni tizerindeki bir noktayi isaretliyor) almis olsam, buraya (y— ekseni tizerindeki bir 
noktay1 isaretliyor) gétiirecek. G6tiirecek yani... (Bir sey fark ederek) Ama buralarda (x— ekseninde yer 
alan noktalari géstererek) da iki rasyonel sayi arasinda belki bir rasyonel say1 var (?). 


Eksenleri incelerken “iki tam say1 arasinda baska bir tam say1 olmadigin1” bilmesine ragmen rasyonel sayilar 
igin béyle bir kisitlama getiremeyecegini fark etti. Bununla birlikte, bu varsayimi matematiksel olarak 
dogrulamadan ilerlemek istemedi. Bu noktada, ardisik tam sayilara benzer sekilde ardisik rasyonel sayilar olup 


iL, 2 
olamayacagin1 diistinmeye basladi ve (ayn: birim kesirle ardisik olarak olusturulan) a ile = sayilarim 6rnek olarak 


se¢ti. Bir stire diisiindiikten sonra, denk kesir kavramini da kullanarak se¢tigi sayilar arasinda farkli rasyonel 
sayilar yazabilecegini asagidaki gibi gésterdi ve béylece sezgisinde yanilmadigimi anladi: 
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2) (rv) 
Sekil 8. C’nin iki rasyonel say1 arasinda belirledigi diger rasyonel say1 
Diger yandan bu sonug, onun Q ve Z arasinda olusturdugu grafigin aslinda bir fonksiyon olmadigini 
anlamasina da yardimci oldu ve bu sebeple hayal kirikligina ugramis bir ses tonu ile “Fonksiyon cizme de 
olmadi, sayi dogrusu da olmuyor. Fonksiyon da yazamiyorum. Belki de denk degil.” acgiklamasini yapti. Bu 


noktadan sonra kiimelerin denkligi yerine denk olmamasi iizerine diisiinecegini belirterek R ve N kiimeleri 
lizerine odaklandi. Neden bu kiimeleri se¢tigi soruldugunda asagidaki agiklamayi yapti: 


Ctinktii bu (R) en biiyiik, digeri (N) en kiciik... Reel sayilar ktimesi, dogal sayilari kapstyor. 
Kapsayanlarin benim bildigim en biytigti. 


Bir siire ktimelerin elemanlar tzerinde diistindtkten sonra bunlari biitiinctil olarak gérebilecegi bir sayi 
dogrusu ¢izdi. Sonrasinda birebir-érten bir eslemenin nasil olabilecegini zihninde canlandirmaya ¢alisirken altta 
sunulan aciklamalari yapti: 


tt a ee eee ote ee eee > 
a ae O=--— 2k 3 
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Sekil 9. C’nin R ve N kiimelerini biitiinciil olarak gérmek icin ¢izdigi say1 dogrusu 


Surada (say: dogrusunun sol tarafinda, —2 elemanindan sonraki araligin en ug noktasini isaret ederek) u¢ 
noktadaki bir reel sayy 1 ile esleyebilirim. Onun yanindakini 2 ile eslerim. Boyle kaydira kaydira 
gotirebilirim. Zaten sonsuz tane dogal sayi var. 


Ancak s6ézel olarak dahi ifade etmekte zorlandigi bu eslemeyi kuralli bir fonksiyon haline getirmeye 
calistiginda oldukca zorlandigi gériildti. Bir stire disiindiikten sonra karamsar bir ifade ile fonksiyon 
yazamayacagini belirtti. Bu karamsarligimin sebebi soruldugunda “...benim burada birebir orten olmasina 
bakmam lazim aslinda ama bakamiyorum. Ciinkii bir fonksiyon dahi tanimlayamiyorum.” agiklamasini yaparak 
yasadigi gtigliigti 6zetledi. Dogal sayilarin elemanlarini teker teker yazabildigini ancak bunu ger¢el sayilar igin 
basaramadigini belirtti ve ardindan iki ktimeden sectigi elemanlari asagidaki gibi daha acik bicimde yazarak 
bunlar tizerine diisiinmeye basladi: 


ee mA 2 
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Sekil 10. C’nin R ve N kiimeleri igin yazdigi bazi elemanlar 


Bu noktada, kiimelerin elemanlar arasindaki iliskileri acgikca gérebilecegi gérsel bir esleme olusturmaya 
karar verdi. Dogal sayilardan ardisik elemanlari ve gercel sayilardan bazilarini secerek asagidaki eslemeyi yaptt: 


is 


Sekil 11. C’nin R ve N kiimeleri arasinda tanimladig1 (gérsel) esleme 


Bu noktada, her dogal sayiy1 karekékiine baSlayan oklari igaretleyerek bu eslemenin f(x) = Vx bicgiminde 
kurallastirilabilecegini belirtti. Dahasi bunun birebir olmasina ragmen bu hali ile 6rten olamayacagim da 
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sdyledi. Bu gorisiinti detaylandirmasi istendiginde, diyagramda (sag tarafta) yer alan ve hicgbir dogal sayi ile 
eslesmeyen “—1” ve “6” elemanlarini isaret ederek bunlarin agikta kaldigini vurguladi. Diger yandan, bu noktada 
fonksiyonun kuralinin degigsmesi durumunda agikta kalan elemanlarin eslemeye dahil edip edilemeyecegini 
sorgulamaya basladigi gériildii. Gercgel sayilar ktimesinin, irrasyonel sayilar disinda, tam sayilar ve rasyonel 
sayilar gibi diger elemanlar da icerecegini dikkate alan farkli zihinsel denemelerde bulundu. Bir siire sonra, 
bosta kalan tam sayilarin eslemeye dahil edilmesi durumunda dahi reel sayilar icerisindeki farkli elemanlarin 
acikta kalmaya devam edecegini sdyleyerek asagidaki agiklamayi yapt: 


Benim hissettigim bu. Denk olmayabilirler. (Gi/iimser) Ciinkti olmuyor. Reel sayilarda bir kismi alinca 
diger kisim bosta kaliyor. Ben ne kural yazarsam yazayim, bence bdyle olacak. Bir kisim yine bosta 
kalacak. Birebirligi sagliyor onda bir sikinti yok ama 6rtenligi saglamayacak. 


Bu noktada bir kez daha genel bir yargrya ulasmaktan kagindi ve dahasi, reel sayilar kitimesi yerine sadece 


irrasyonel sayilar ktimesini dikkate alarak I~N sorusu iizerine diisiinmeye devam etti. Bir 6nceki duruma 
benzer olarak, elemanlar arasinda tanimladigi agik bir eslemeyi asagidaki gibi olusturdu: 


Sekil 12. C’nin N ve I kiimeleri arasinda olusturduéu (gérsel) esleme 


Bu eslemeyi olusturmasinin hemen ardindan tereddiitstiz bir sekilde bunun da 6rten olamayacagim, ciinkti bu 
7) 


sefer de “V2 + 2”, “n” ve “e” gibi elemanlarin agikta kalacagini s6yledi. Bu durumun N ~R sorusu ile biiyiik 
benzerlik gésterdigini fark etmesinin hemen ardindan dogal sayilarin, gergel sayilara asla denk olamayacagin1 
asagidaki gibi kesin bir yargi ile agikladi: 


Ben sabaha kadar ugrassam da yazamam. Ortenligi saSlamayacak... [lla bir bosluk kaliyor irrasyonel 
sayilarda. Mesela “2 + 2” bir irrasyonel say, onu esleyecek dogal sayi yok. Ki irrasyonel sayilarda 
acikta eleman kaliyorsa, reel sayilarda hayli hayli kalir. Bence o yiizden denk degildir. 


¢, bu agiklamanin ardindan birbirine denk olmayan sonsuz kiimeler olabilecegi sonucuna ulasti ve asagidaki 
agiklamayi mutlu bir yiiz ifadesi ile yazarak ispat stirecini tamamladi. 
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Sekil 13. C’nin ispat stirecinin sonunda ulastig1 sonu¢ 
3.4, Uygulama II — C’nin ispat imajimin Bilesenlere Gore Degerlendirilmesi 


Ikinci uygulama, ilk uygulamanin iizerinden 24 saat dahi gecmeden gerceklestirilmistir. Bu uygulama 
6ncesinde, katilimcilara aym sorunun tekrar yéneltilecegine dair hicbir ipucu verilmemistir. Ayrica, uygulamalar 
arasinda gegen surede bir arastirma yapilmamasi istenmis ve onlarin da bu dogrultuda hareket ettikleri 
varsayilmistir. Bununla birlikte ikinci uygulama 6ncesinde katilimcilara 6gretim elemani tarafindan esgiicliliik 
fikrinin temel felsefesini igeren bir ders sunulmustur. Dolayisi ile ikinci uygulamanin amaci katilimcilarin 
Cantor Ktime Teorisi’ne dair formal bilgiye sahip olduklari durumda olusturacaklari (veya olusturamayacaklar1) 
ispat imajlarinin bilesenleri incelenmesidir. Béylece “formal bilginin” ispat imaji teorik gergevesi baglamindaki 
roliintin detaylandirilabilecegi disiintilmiistiir. Diger yandan yapilan analizler sonucunda (’nin bu uygulamada 
bir ispat imajina sahip oldugu belirlenmistir. Alt bilesenler baglaminda elde edilen sonuglar asagida sunulmustur. 


3.4.1. B;— Kisisel Olma 


C’nin ispat stireci incelendiginde, onun derste sunulan 6rnekleri tekrar ederek bunlari bir ¢ikis noktas1 olarak 
belirledigi s6éylenebilir. Bununla birlikte, o derste 6Srenmis oldugu temel bilgilerden cikardigi sonuglari 
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kullanarak kendi 6zgiin yaklasimini olusturabilmistir. Bu d6zgiin yaklasimin en 6nemli géstergelerinden biri, 
onun farkl drnekler tizerinde diisiinme konusundaki istekliligidir. (’nin ispat stirecinde sorguladigi sorular 
asagidaki tabloda 6zetlenmistir: 


Tablo 2: C’nin Uygulama II’de Yanit Aradigi Sorularm Dagilimi 


C’nin Ispat Boyunca Yanit Aradigi Sorular 


Derste Yanitlanmis Olanlar Derste Yanitlanmamis Olanlar 
? ? 
N~P R~Q 
? 2 
N~Z Q-~-Z 


R~N 
I~N 


Farkli sonsuz kimeleri kullanma tercihinin “her sonsuz kiime” igin gecerli olabilecek bir genellemeye ulasma 
cabasindan kaynaklandig1 sdéylenebilir. Sunulan tablodan hareketle, C’nin sonsuz ktimelerin denkligine dair 
iliskileri derste gérmitis oldugu 6rnekler ile sinirlamadig1 ve bunlarmn disina cikabildigi sonucuna ulasilabilir. 
Dahasi, onun ¢ok sayida ve farkli 6rnek tizerine diistinmesi sayesinde farkli yaklasimlari deneyimleyerek bakis 
acisin1 genisletebildigi ve béylece gittikce formallesen bir ¢ercevede bunlari disari aktarabildigi cikarimlart 
yapulabilir. 


3.4.2. B>~ Mantiksal Baglar Icerme 


Ispat siireci biitiinsel olarak incelendiginde (’nin pek cok farkh noktada anlayisini derinlestirmek icin cesitli 
matematiksel yapilari se¢tigi (R-) ve bunlar arasinda biiyiik bélimii mantiksal gerek¢elendirmeye dayanan 
baglantilar kurarak bunlari kullandigi (B-) yorumu yapilabilir. Ayrica taninan ve kullanilan bu yapuilar 
incelendiginde €’nin ikinci uygulama Oncesinde sunulan dersten oldukga etkilenmis oldugu yorumu da 
yapabilir. [Ik uygulamada ele alinmayan “fonksiyon” kavraminin ikinci uygulamada etkin bigimde kullanilmis 
olmasi bu duruma dair belirgin bir gésterge olarak degerlendirilebilir. €, bu kavrami ¢ogunlukla tek basina ele 
almamis ve birebirlik-6rtenlik 6zellikleri ile iliskilendirerek kullanmistir (B-). Bununla birlikte onun ilk 
uygulama ile kiyaslandiginda biiytk oranda formal matematiksel araglar1 temel alan bir yaklasimi benimsedigi 
de sdylenebilir. Ornegin Q ve R kiimeleri arasindaki iliskiyi incelerken “f: Q > R, f(x) = x” fonksiyonunu 
tanimlamasinin ardindan yapmis oldugu asagidaki aciklama formal yaklasima dair 6rnekler arasinda 
degerlendirilebilir: 


Ama ben buraya aslinda... f(x) = x yazmis olsam birebir olur ama Grten olmus olmaz. Cinkiti reel 
sayilarda elemanlar bosta kalacak. Bu 6rnek olmadi. Reel sayilar... Dogal sayilari kapsiyor, tam sayilari 
kapstyor. Rasyonel sayilar var. irrasyonel de var. Her tiirlii reel sayilarda bosta eleman kaltyor. 


Bu aciklamada C, formal iliskilerden yararlanmis ve fonksiyonun tanim kiimesi ile g6riintii ktimesi arasinda 
birebir-értenlik baSlaminda incelemelerde bulunmustur. Oncelikle kiimelerin kendisi tizerine diisiinmiis ve sonra 
da “f(x) = x” kuraliyla yazilan fonksiyonun Q > R seklinde tanimlanmasi durumunda, ger¢el sayilarda acikta 
kalacak elemanlar olacagindan hareketle bu eslemenin 6rten olamayacagi ¢ikarimini ifade etmistir. Benzer 
formal cikarimlarin, (’nin ispata ulasmasinda 6nemli katkilari1 oldugu sdylenebilir. Ctinkti 0, se¢tigi (R-) 
kavramlar arasinda varsayimlarda bulunmaktan kaginmis ve bu sayede gerekcelendirilmis bir iliski ag1 elde 
edebilmistir. Ispat siirecinin sonunda yapilan gériismede, kavramlar arasinda kurdugu iliskilerin cercevesini 
asagidaki gibi 6zetlemistir: 


Denkligi sordugu icin bana birebir-6rtenligi kullanmam lazim ve onun icin de fonksiyon kavramini 
kullanmam gerekiyor. Fonksiyonu da bir yerden baska bir yere tanimlamaliyim. Onlari da tam sayilar, 
rasyonel sayilar gibi sayi kiimelerinden secerek kullandim. 


Diger yandan ispat stireci incelendiginde (’nin bazen de eksik ya da hatal iliskiler kurdugu belirlenmistir. 
1 
Omegin Q ve Z arasindaki denkligi incelerken rasyonel sayilarin tanimin da dikkate alarak “f: Q > Z, f(x) = ze 


eslemesini olusturmus ve béylece tiim tam sayilarm rasyonel sayilar ile eslenebilecegini diistinmiistiir. Oysaki 
birkag elemanin goriinttistinii inceledikten sonra eslemenin tanim—deger kiimeleri ile birlikte degerlendirdiginde 
bunun bir fonksiyon dahi olamayacagini anlamistir. Boéylece, “denklik” sezgisini dogrulayabilecegi farkh 
6rneklerin arayisina y6nelmistir. Dolayisi ile s6z konusu “hatali” iliski C’nin formel ispata ulasma stirecini 
uzatmasina ra&Smen bunu engellememistir. Ctinkii 0, iliski a& igerisinde dogan bu tutarsizligi belirleyebilmis ve 
ispatin sonraki asamalarina ge¢meden 6nce onu giderebilmistir. 
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3.4.3.B3— Dinamik Olma 


Ispat siireci ve 6zellikle bu siirecte kurulan ba§lantilarin niteligi dikkate alindiginda (’nin ispat stirecinin 
dinamik bir gelisim gésterdiZi sonucuna ulasilabilir. Ozellikle 0, ispat siirecinin her bir asamasinda “neden- 
sonuc” iliskileri1 baglaminda sorgulamalarda bulunmus ve varsayimlarda bulunmaktan kacinmistir. Bu sayede 
stirecin sonraki asamalari ile 6nceki asamalari arasinda tutarl: baglantilar elde edebilmistir. Ornegin, “denklige” 
odaklanan yaklasimlarinda yasadigi basarisizliklarin ardindan “denk olmama” durumu tizerine odaklanmaya 
karar vermis ve bunun icin u¢ 6rnekler kullanmay1 tercih etmistir. Bu noktada, genis bir say1 kiimesi olan gercel 
sayilar (R) kiimesi ile buna gére daha kiiciik bir kiime oldugunu diistindiigii dogal sayilar (N) kiimesini seg¢mis 
(R-) ve bunlar arasinda bir eslemenin nasil olabilecegini hayal etmistir. Bir stire disiindtikten sonra, gercel 
sayilarin igerisinde yer alan irrasyonel sayilari da dikkate alarak “fi N > R, f (x) =/ x” fonksiyonunu 
tanimlamis ve bunu gorsellestiren bir diyagrami olusturmustur. Tiim bu adimlarin sonucunda, dogal sayilarin 
tamamini kullanmasina ragmen gercel sayilar ktimesinde acikta elemanlar kalmasi gerektigini fark etmis ve bu 
kiimelerin denk olamayacagina dair giiclii bir sezgiyi kazanmistir. Sunulan bu érnekte oldugu gibi C’nin ispat 
stirecinde sonraki asamalarin 6nceki asamalari igerecek sekilde basitten karmasiga dogru tutarli bir gelisim 
saglandigi sdylenebilir. Bu sayede, 6nceki asamalarda bir ispat yéntemi dahi belirleyemeyen (’nin, aksi 6rnek 
verme yaklasimini temel alan bir ispat yontemini uygulamaya koydugu g6zlenmistir. Ozellikle siirecin son 
asamalarinda dogal sayilarin, irrasyonel sayilara denkligini gésterememesi de 6nemli bir asama olmustur. Ciinkii 
bu noktada 0, bir 6nceki asamada elde ettigi sonucu da dikkate alarak “dogal sayilar, irrasyonel sayilara bile 
denk olamwyorsa ger¢el sayilara denk olamaz” gikarimina ulasabilmis ve aksi bir Grnek elde ettigini fark ederek 
kisa stirede ispati tamamlayabilmistir. 


3.4.4. By-Biitiinliik 


Ispat siireci biitiinliik karakteristisi acisindan degerlendirildiZinde ¢’nin bu karakteristiZe tam olarak sahip 
oldugu belirlenmistir. O, ikinci uygulamadaki ispat siirecini ilk uygulamanin devami olarak gérmtis ve 
eylemlerini yeri geldikce 6nceki diisitinme bi¢imleri ile karsilastirarak kararlar vermistir. Bununla birlikte, C’nin 
ispat stirecinde gerek duydukc¢a 6nceki asamalar ile baglantilar kurabildigi ve bu sayede siirece biitiinsel olarak 
yon verebildi3i de sdylenebilir. Ornegin, ilk uygulamadaki olumsuz tecriibelerinin ardindan ikinci uygulamanin 
biyiik béliimiinde irrasyonel sayilar tizerine diistinmekten kagmmasi, onun deneyimlerden edindigi sonuclart 
ispata yon vermede kullandigina dair géstergeler arasinda degerlendirilebilir. Diger yandan dinamik gelisim 
sayesinde (’nin, ispat stirecini (pargalar halinde olmak yerine) tek bir biitiin olarak zihninde tasryabildigi ve 
yine bu sayede ispatin adimlarini detayli olarak olusturabildigi sdylenebilir. Ctinkti 0, sonsuz ktimelerin denk 
olmayacagina dair bir sezgiye ulastiginda ve dogal sayilarin irrasyonel sayilar ile denkligini gdsteremediginde 
(sahip oldugu bitiinctil bakis sayesinde) dogal sayilarin gercel sayilara da denk anlamis ve bunu uygun temsiller 
altinda ifade edebilmistir. Biitiinctil imajin ortaya ¢ikmadigi aksi bir durumda, (’nin farkli zamanlarda ulastigi 
iki sonug arasindaki baglantiy1 kurup ispati tamamlamasinin miimktin olamayacagi yorumu da yapuilabilir. Diger 
yandan, (’nin ispat stirecinde sorgulayici—formal bir yaklasimi temel almasi, gerekcelendirilmis bir iliski agina 
ulasmasi ve ispatin bilesenlerini anlamli bir biittin olarak zihninde tas1yabilmesi sayesinde i¢gérii ve bunun da 
6tesinde bir aydinlanma deneyimleri yasadigi sonucuna ulasilabilir. Bunlardan ilki olan igg6érii, C’nin denk 
oldugunu diistindtigti Grnekleri arka arkaya siralamasmin hemen ardindan ilk defa Q ile Z kiimelerinin denkligini 


kolayca gésteremedigi asamada sekillenmeye baslamistir. Ancak bu kavrayis, R~N sorusuna yanit ararken 
tanmmladigi “f: N > RB, f (x) =V x” fonksiyonu sayesinde kesin olarak ortaya ¢cikabilmistir. Ciinkii C, bu 
fonksiyonu iki kiime arasinda g6rsel bir diyagram ile ifade ettiginde, deger ktimesinde pek ¢ok elemanin acikla 
kalacagini fark etmis ve ilk defa sonsuz kiimelerin denk olamayabileceéi hissetmistir. spat siirecinin sonunda 
yapilan gértismede bu i¢gériistinii asagidaki gibi aciklamistir: 


...bunu (Atimeler arasindaki diyagram eslemeyi gostererek) cizmek. Buraya kadar denk olabileceklerini 
diistintiyordum. Say1 dogrusunun ¢izdim ama olmadi. Ama bu ktimeleri cizdigimde bosta eleman 
kaldigimi gorditigiim zaman (anladim)... 


Diger yandan “denk olmama” yoniindeki bu ilk gti¢lii siiphesine raSmen séz konusu asamada kesin bir 
cikarrmda bulunmaktan cekinmis ve ispat siirecine devam etmeyi tercih etmistir. Ancak, kisa stire sonra benzer 


problemin I~ N sorusunda da tekrar ettigini gézlemlemesi onun bir aydinlanma yasamasim1 miimkiin kilmistir. 
Ctinkti bu anda C, dogal sayilarin irrasyonel sayilara bile denk olamadigini ve bu nedenle reel sayilara asla denk 
olamayacagini kavrayabilmistir. Yasadig1 deneyimlerin, aydinlanmasina sagladig1 katk1y1 ispat stireci ardindan 
yapilan gértismede asagidaki gibi 6zetlemistir: 


Denk degildir bence. Dogal sayilar. verdigimiz zaman karsisinda bazi reel sayilarin agikta kaldigim 
gordtk. Sonra irrasyonellere geldik. Ayn sekilde, dogal sayilar. karsilarmdaki irrasyonellere esledik. 
Fakat burada agikta kalan elemanlar oldu: “V2+2” gibi. Ne kadar dogal sayiyi kullanirsam kullanayim 
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irrasyonel sayilarda bosluk kalacak. Bunda (irrasyonel sayilari kastediyor) esleyemiyorsam, reel 
sayilarda hic esleyemem. 


Deneyimledigi bu aydinlanma sayesinde (’nin ispata dair kesin bir sonuca ulastig1, daha Gnce sahip olmadig1 
yeni bir bilgiyi insa edebildigi (C-) ve ispati kesin olarak tamamlayabildigi s6ylenebilir. Burada kastedilen yeni 
bilgi ise “birbirine denk olmayan sonsuz ktimelerin de var olabilecegi” gercgegidir. 


3.4.5. Sezgisel Ikna 


C’nin ikinci uygulama G6ncesinde almis oldugu formal bilgilerin, onun bilissel anlayisinda cesitli izler 
biraktiS1 ve bunun da farkl duyussal yansimalari oldugu séylenebilir. Ozellikle ilk uygulamaya kiyasla ikinci 
uygulamada ¢ok daha az sayida “varsayim” ortaya koymasi bu durumun en belirgin géstergeleri arasinda 
degerlendirilmistir. O, ikinci uygulamada neden-sonug ilislerine kati bir sekilde bagli kalmis ve bu sayede karar 
vermesi gereken noktalarda “sorgulayici” bir tavir sergileyerek ispat stirecinde ilerleyebilmistir. Dahasi, ispatin 
her asamasinda “ikna” olabilmeyi 6nemsemis ve bu nedenle olumsuz hisler yasadigi ve ikna olmadigi noktalan 
gecistirmek yerine bunlar tizerinde derinlesmeyi tercih etmistir. Ornegin dogal sayilar ile ger¢el sayilar tizerinde 
uzunca diisiinmesine ragmen bir sonug alamadiginda karamsar bir ifade ile asagidaki agiklamay1 yapmustir: 


Orneklerim tiikendi. (Giiler) Bildigim sonsuz kiimeler tiikendi. Cok basit mi diisiintiyorum? Cok kiiciik 
bir parcasim mi disiintiyorum. (Sessiz kalarak dtisiinmeye baslar.) 


Bu aciklama, onun deneyimledigi olumsuz hislerin bir géstergesi olarak yorumlansa da C€, bu noktada pes 
etmemis ve kiimeler arasinda tanimlanabilecek bijektif bir eslemenin nasil olabilecegi tizerine odaklanmaya 
devam etmistir. Bir siire sonra kuralli bir fonksiyon tanimlayamasa da goérsel bir esleme yapabilecegini fark 
etmis ve bu sayede i¢gérii ve aydinlanma ile sonuclanan siireci baslatmistir. Dahasi onun bu yaklasim sayesinde 
surecin pek cok noktasinda olumlu hisleri (dogru iz tistiinde olma, bilme, haklilik vb.) deneyimleyebildigi de 
goriilmiistiir. Ispatin sonunda yapilan gériismede dogal sayilar ile rasyonel sayilarin denkligini sorguladigi 


asamada dogru iz hissinin kesintiye ugradigini belirtse de dzellikle R ~ N sorusu wizerine diistiniirken bu hissi 
tekrar giiclti bir sekilde deneyimleyebildigini ifade etmistir. Diger yandan haklilik hissinin ise 6zellikle ispatin 
baslangicinda verdigi —derste Gnceden gérmiis oldugu— 6rmekler i¢gin oldukca baskin oldugunu sdylemistir. 
Bununla birlikte, bu hissi bir siire igin deneyimleyemese de his cizelgesi tizerinde aldigi notlarda “f: N > R, 
f (x) = Vx” fonksiyonu sayesinde bu hissi giiclii bir sekilde tekrar hissedebildigi belirlenmistir. Dahas1 ilk defa 
bu esleme sayesinde sonsuz kiimelerin “denk olmamasv” noktasinda bir stipheye distiigiinti' de vurgulamistir. 
Buna paralel olarak gértisme esnasinda “kesinlik hissinin” olusup olusmadig1 ile ilgili soruya verdigi yanit ise 
asagida sunulmustur: 


(Tereddiit etmeden) Hissettim. Ctinkii ben burada daha kiigiik bir kiime, irrasyonel sayilari aldim. Burada 
saglamryorsa biyiittiigiim zaman reel sayilarda saglamaz dedim. 


Sunulan agiklamadan da gériildiigii gibi C’nin aydinlanma anina bir kesinlik hissinin eslik ettigi séylenebilir. 
Ctinkti 0, bu asamada kesin olarak sonsuz kiimelerin denk olamayacagini anlamis ve bunu matematiksel olarak 
ifade edebilmistir. Dahasi bir 6nceki uygulamanin (Uygulama J) aksine bir sonuca ulasabilmis ve bu sayede 
ispatin tamamlandigini da sdyleyebilmistir. 


4. Tartisma, Sonug ve Oneriler 


Bu ¢aligsmada, € olarak isimlendirilen 6gretmen adayimin ayni soruya iliskin iki farkli ispat stireci (yeterli 
hazirbulunusluga sahip oldugu ve olmadig1 durumlarda) ispat imaji teorik ¢ercevesi baglaminda incelenmistir. 
Kidron ve Dreyfus (2014) tarafindan ortaya konan ispat imaji, hem sezgi ve hisleri igeren duyussal boyutun hem 
de igg6rii ve aydinlanma anlarini iceren bilissel aktivitelerin detayli analizlerinde kullanilmistir. C’nin Uygulama 
I ve Uygulama II’de yer alan ispat siire¢lerinin incelenmesi sonucunda bunlar arasinda baz benzerlik ve 
farkliliklarin oldugu tespit edilmistir. Her iki ispat aktivitesinde de onun belirli bir amaci ger¢eklestirmek i¢in 
kendi kisisel anlayis1 dogrultusunda girisimde bulunmasi, belirli matematiksel yapilar1 segmesi (R-) ve bunlar 
arasinda iliskiler kurmasi (B-) en belirgin ortak noktalardandir. ispatin farkli bilgi tiirleri ile iliskisi (Dreyfus, 
1999) dikkate alindiginda kavramlar arasinda kurulan bu mantiksal baglantilarin “bilgiyi etkin kullanabilme” 
islevine hizmet ettigi séylenebilir. Ciinktii Barnard ve Tall (1997) tarafindan da ifade edildigi gibi ispat, yeni bir 
baglanti olusturmak icin cesitli bilissel baglarin bir sentezini zorunlu kilmaktadir. Bununla birlikte, C’nin yeterli 
6n bilgiye sahip oldugu ikinci uygulamada denklik kavrami baglaminda gelistirdigi anlayisin, ilk uygulamaya 
kiyasla oldukea derin ve kapsamli oldugu yorumu da yapilabilir. Ozellikle bu uygulamaya dahil ettii 6rneklerin 
sayisindaki ve cesitliligindeki artisin, bakis acisindaki genislemeden kaynaklandigi yorumu da yapuilabilir. Bu 
sayede o, farkli nitelikte sorgulamalarda bulunabilmis ve elde ettigi bulgular sayesinde ispatina yén 
verebilmistir. Diger yandan, onun yeterli formal bilgiye sahip oldugu ikinci uygulamada sezgisel varsayimlar 
ikinci planda tutarak kavramlar arasindaki “neden-sonug” iliskilerini 6n plana cikardigi ve bu sayede 
gerekcelendirilmis bir iliski agina ulastig1 da sdylenebilir. Bu durum ise iki ispat siirecindeki en d6nemli 
kinlmalardan biri olan “dinamizm”  karakteristigi baglaminda farklilasmaya yol agmustir. Olusan 
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gerekcelendirilmis iliski agi sayesinde C’nin ikinci uygulamadaki ispat imajinin, Davydov'un (1990) 
soyutlamaya iliskin gériislerine paralel olarak gelismemis bir formdan daha gelismis bir forma, basitten 
karmasiga dogru bir gelisim gésterdigi belirlenmistir. [Ik uygulamada ortaya cikan ayrik parcalar arasindaki 
etkilesim ve ikinci uygulamada kurulan mantiksal baglantilar sonucunda bir senteze (C-) olanak saglayan 
dinamizm asagidaki gibi gérsellestirilebilir: 


Uygulama | Uygulama II 


Sekil 14. Statik Yap1 (Uygulama I) ve Dinamik Yap1 (Uygulama ID) 


Bu noktada, C’nin ilk uygulamadaki ispat stirecinin dinamizm karakteristiginden yoksun olmasi nedeni ile 
onun farkli 6rneklerden edindigi sonuclar arasinda yeterli baglantilar1 kuramadigi ve bu nedenle genel bir 
yaklasim gekillendirmekte zorlandigi sdylenebilir. Benzer gekilde Selden, McKee ve Selden (2010) 
calismalarinda bir 6grencinin ispat yapmaya ¢alisirken bir sonraki adimda ne yapacagin1 bilemediginde teoremle 
anlasilmaz gsekilde iliskili olan seyler yaptigim g6zlemlemislerdir. Dahasi €’nin ikinci ispatinda ortaya cikan 
imajin ona iddiasinin neden dogru oldugu ile ilgili iggdrti sagladig1 ve béylece onun sezgisel yaklasiminin da 
6tesine gecerek formel bir bakis elde etme ihtiyaci duydugu sdylenebilir. S6z konusu i¢sel motivasyon sayesinde 
o, tanmlar ve notasyonlar gibi formel araglari kullanarak diistincelerini uygun bir dil ile temsil etmeye 
yonelmistir. Ikinci uygulamada olusturulan gérsel esleme sonrasi gerceklestirilen siireg bu kapsamda 
aciklanabilir. Bu asamada, Kidron ve Dreyfus (2014) tarafindan da ifade edildigi gibi formel bilgi yapilarinin 
(aksiyomlar, tanimlar, teoremler, 6n-kosul iliskiler vb.), daha zayif yapilar (tekil 6rnekler, varsayimlar, sezgiler 
vb.) desteklemesi sayesinde informal boyuttan daha formal bir boyuta ge¢isin miimkiin oldugu séylenebilir. 


iki uygulama arasindaki énemli bir diger fark da biitiinliik karakteristigi olarak belirlenmistir. Kidron ve 
Dreyfus’a (2014) gére imaj biitiinliige ulastiginda tim matematiksel durumu eksiksiz olarak icerisinde tasir. [lk 
uygulamanin aksine, C’nin ikinci uygulamada ulastig1 biitiinltik sayesinde 6nceki asamalarda gerceklestirdigi 
eylemleri ve sonuclarim kesintisiz olarak zihninde tastyabildigi ve béylece bir i¢ gérii deneyimleyebildigi 
soylenebilir. Bu icggérii (ve devaminda aydinlanma) ise onun ispat siireci acisindan kapsamli bir sonuca 
ulasabilmesini saglamistir. Ayrica, ilk uygulamada bir sonug ortaya konamamis olmasi da yine bu karakteristigin 
eksikligi baglaminda degerlendirilmistir. Bunlara ek olarak his boyutu incelendiginde, C’nin ikinci uygulamada 
ispatlama eylemlerine y6n veren asina olma hissi, bilme hissi, haklilik hissi ve kesinlik hissi gibi temel hisleri 
cesitli noktalarda zincirleme olarak deneyimleyebildigi ve sonunda ispatin biitiinti icin bir tamamlanmislik 
hissine ulasabildigi gériilmiistiir. Ancak, ilk uygulamada bilissel eylemlerinde yasadig1 giicliiklere paralel olarak 
bazi olumlu hisleri sadece anlik olarak deneyimleyebildigi ve kesinlik hissine ulasamadig1 belirlenmistir. 


Sunulan bu galigsmanin icgerdigi 6zel 6rnekler géz Gntine alindiginda formal bilginin, ispat imajinin 
olusumuna sundugu temel katkilar asagidaki maddeler halinde 6zetlenebilir: 


« jddianin neden dogru olduguna iliskin sezgisel bir anlayis gelistirilmesi, 

= Ozgiin bir ispat yaklagimi belirlenmesi, 

= Diistinceleri destekleyebilecek argiimanlarin sunulmasi, 

« {spat asamalari arasindaki gecislerde (varsayimlar yerine) gerekcelendirilmis iliskilerin dikkate alinmasi, 
« {spat siirecinin tutarsiz bir formdan tutarli bir forma dogru siire¢ olarak ilerlemesi, 

« spatin basitten karmasiga bir gelisim géstermesi, 

« i¢gérii ve/veya aydinlanma deneyimlerinin gerceklesebilmesi, 

" Doégru temsiller ile ispat adimlarinin detayli olarak olusturulmasi, 

= Olumlu hislerin (dogru iz tistiinde olma, bilme, haklilik, kesinlik vb.) deneyimlenebilmesi, 
=" Tamamlanmislik hissinin ortaya ¢ikmasi, 

« [spatin sonuclandirilmasi. 


Yukarida sunulan maddelerin tamaminin, imajin bilesenleri ile dogrudan iliskili oldugu sdylenebilir. Bu 
sonu¢lardan hareketle bir 6gretim elemami tarafindan gerceklestirilen ispat uygulamalarinda 6gretmen 
adaylarinin ispat imajlarini tetikleyebilecek bazi 6neriler asagida siralanmistir: 


¥  Kavramsal altyap1 tam ve eksiksiz olarak olusturulmalidir. 
¥ — Ispat yontemleri aciklanmali ve bunlarin kullanim bigimleri Srnekler tizerinde gésterilmelidir. 
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Farkli temsil bigimlerinden hareketle dinamik dtistinme bicimleri tesvik edilmelidir. 

Varsayim ile delil arasindaki fark vurgulanmalidir. 

Ispatin temel taslarindan biri olan “gerekgelendirme” boyutu aciklanmali ve ispat adimlari arasindaki 
gecislerde tutarliligi sorgulama aliskanligi kazandirilmalidir. 

v — Ispat olan ve olmayan durumlar arasindaki fark vurgulanmalidir. 

¥ Hislerin/ sezgilerin sorgulanabilirligi sikga hatirlatilmalidir. 


AAR 


Sunulan 6nerilere ek olarak, bireylere formal bilginin sunulmasinin, ispat imajinin olusumu agisindan bir 
kesinlik saglayacag1 da séylenemez. Bu galigsmanin da bir béliimiinii olusturdugu doktora tez ¢alismasi 
kapsaminda yapilan bazi uygulamalarda katilimcilarin formal bilgiye sahip olduklan halde bir ispat imajina 
sahip olmadiklarina dair 6rneklere rastlanilmistir. Bu calismada ispat imajinin ortaya ciktigi durumlara 
odaklanildigindan s6z konusu bulgulara yer verilmemistir. Bununla birlikte, sunulan calismada C’nin ikinci 
uygulamada bir ispat imajina sahip olmasina ragmen formal ispata ulasamadigi da g6riilmiistiir. O, ispat 
surecinin 6zellikle son asamalarinda dogal sayilar ile gercel sayilar arasindaki iliskiye odaklanmis ve bu iki 
kimenin denk olmadigina karar vermistir. Ancak onun bu yaklasimi iki kiime arasinda tanimlanacak hi¢gbir 
eslemenin bijektif olamayacagmin formal bir genellestirmesini igermediginden formal ispat olarak 
degerlendirilmemisidir. Matematik tarihi acisindan biiytik bir kinlmaya yol acan bu ispat ilk olarak Cantor 
(1891) tarafindan kdsegensel (diagonal) bir esleme kullanilarak olusturulmustur. C’nin ispatinda “sonsuzluk” 
kavramini Cantor tarafindan 6nerilen anlami ile bijektif fonksiyonlar ¢ergevesinde kullandigi dikkate alindiginda 
onun sadece ispata dair bir dogrulama yaptigi sonucuna ulasilabilir. Dolayisi ile bireylerin “bir ispat imajina 
sahip olduklari halde formal ispata nasil ulasabilecekleri” sorusu halen detaylandirilmayi beklemektedir. Ayrica, 
Kidron ve Dreyfus (2014) tarafindan Gnerildigi gibi ispat imajmin farkli yas gruplarinda ve farkli konu alanlan 
kapsaminda incelenmesi ile ispat kavraminin dogasina iliskin anlayis derinlestirilebilir. 
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